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SCHUR FLEXIBILITY OF COMINUSCULE SCHUBERT VARIETIES 



C. ROBLES 



Abstract. Let X = G/P be cominuscule rational homogeneous variety. (Equivalently, X 
^-^' admits the structure of a compact Hermitian symmetric space.) We say a Schubert class ^ 

Cu , is Schur rigid if the only irreducible subvarieties Y d X with homology class \V\ £ Z^ are 

Schubert varieties. Robles and The [18] identified a sufficient condition for ^ to be Schur 

rigid. In this paper we show that the condition is also necessary. 
I> 

o 
< 

,1^ \ Let X = G/P be a rational homogeneous variety. The Schubert classes form an additive 

C^ ' basis of the integral homology -ff,(X, Z), [2]. In 1961, by Borel and Haefliger [3] asked: 

given a Schubert class ^^ represented by a Schubert variety Yyj, aside from the G-translates 
g -Y^, are there any other algebraic representatives of the Schubert class? In some cases, 
the Schubert varieties are the only algebraic representatives, and we then say the Schubert 
^ \ class is rigid. This problem has been studied by several people, including R. Hartshorne, 

00 ■ E. Rees and E. Thomas [9], R. Bryant [4], M. Walters [21], J. Hong [10, 11], and I. Coskun 

[6, 7]. 



1. Introduction 



^^ \ It is a striking consequence of B. Kostant's work [14, 15] that, when X is cominuscule* 

-^ ■ the varieties Y C X that are homologous to an integer multiple of the Schubert class S^^ 

Q , (that is, [Y] € l^iw) are characterized by a system of differential equations known as the 

CN \ Schur system, cf. Section 2.2. The Schubert varieties {g ■ Yyj \ g ^ G} are the trivial 

solutions. When there exist no nontrivial, irreducible solutions, we say that the Schubert 
class is Schur rigid. Every Schur rigid ^yj is rigid, and this provides a differential-geometric 
k> ' approach to the algebro-topological question above. 

^ . Associated to the differential system is a Lie algebra cohomology. The cohomology con- 

tains a distinguished subspace O^. It is known [18] that the Schubert class ^^ is Schur rigid 
when Ow = 0; we say that the vanishing of O^ is a cohomological obstruction to flexibility. 
The goal of this paper is to show the converse: in the absence cohomological obstructions 
(equivalently, when Oyj is nontrivial), there exist nontrivial solutions Y; precisely, Y is an 
irreducible subvariety of X such that (i) \Y] G Z,^^, and (ii) Y is not a G-translate of Yyj. 
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2 ROBLES 

1.1. History. Schur rigidity and the associated differential system were first studied in- 
dependently by M. Walters [21] and R. Bryant [4]. Walters identified Schur rigid classes 
represented by (a) smooth Schubert varieties in X = Gi{k,n); and (b) codimension two 
Schubert varieties m X = Gr(2,n). Bryant identified Schur rigid classes represented by 
(a) smooth Schubert varieties in the cases that X is the Grassmannian Gr(fc, n) or the 
Lagrangian Grassmannian LG{n,2n); (b) the maximal linear subspaces in the classical 
cominuscule X; and (c) singular Schubert varieties of low (co)dimension in Gr(A;,n). In the 
case that Xy^ is smooth, the results of Bryant and Walters, which were obtained case-by- 
case, were generalized to arbitrary cominuscule X and given a beautiful, uniform proof by 
J. Hong [11]. There, the obstructions to flexibility are realized as a (Lie algebra) cohomo- 
logical condition. Hong also showed that a large class of the singular Schubert varieties in 
the Grassmannian are Schur rigid [10]. C. Robles and D. The [18] extended the approach 
of [11] to give a complete list of the Schubert classes for which there exist cohomological 
obstructions to flexibility. 

1.2. Contents. The main result of this paper is Theorem 3.1, which implies (Corollary 
3.2) that in the absence of cohomological obstructions, the Schubert class is Schur flexible. 
As a consequence, we find that a Schubert class is Schur rigid if and only if its Poincare 
dual is Schur rigid (Corollary 3.3). 

Theorem 3.1 is proved by constructing nontrivial, irreducible integral varieties Y of the 
Schur system. The construction is guided by representation theoretic data associated to the 
Lie algebra cohomology group. While the representation theoretic construction is explicit, it 
is not clear, geometrically, what the integrals are. So, in Section 4, I give algebro-geometric 
descriptions of the integrals (Propositions 4.2, 4.5, 4.9, 4.13, 4.20). As an integral of the 
Schur system the homology class of Y satisfies [Y] = r^^ for some integer < r = r(Y). 
The descriptions of Section 4 allow us to determine the integers r{Y). 
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1.3. Use of LiE. There are two exceptional, irreducible compact Hermitian symmetric 
spaces: the Cayley plane Eq/Pq and the Freudenthal variety Ef/Pj. The software [16] is 
used to perform computations and verify some results for these two cominuscule varieties. 
(Sections 2.12, 4.5 and 5.5.) The code I wrote applies to any cominuscule variety; that is, 
it is not specialized to the exceptional cases. This allowed me to test the code by applying 
it to classical cominuscule varieties (of low rank - the code requires that the rank of G be 
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specified). The outputs are consistent with the "by hand" results obtained for the classical 
cases. This provides some confidence for the accuracy of the code and the corresponding 
claims in the exceptional cases. 

1.4. Acknowledgements. Over the course of this project, I have benefitted from conver- 
sations and/or correspondence with many people, including R. Bryant, I. Coskun, J.M. 
Landsberg, N. Ressayre, F. Sottile and D. The. I thank them for their insights and tiine. 

2. Review 

2.1. Notation and background. This is a continuation of [18]. With the exception noted 
in Remark 2.16, I will use the notation of that paper. To streamline the presentation, I will 
assume that the reader has reviewed the discussion of rational homogeneous varieties, their 
Schubert subvarieties, grading elements and Hasse diagrams in [18, Sections 2.1-2.4 and 3.1]. 
Briefly, G is a complex simple Lie group. A choice of Cartan and Borel subgroups H C B 
has been fixed, P D B is a maximal parabolic subgroup associated with a cominuscule root, 
and X = G/P is the corresponding cominuscule variety. The associated Lie algebras are 
denoted f) C b C p C g. Let W denote the Weyl group of g, and W^ the Weyl group of the 
reductive component in the Levi decomposition of p. The Hasse diagram W^ is the set of 
minimal length representatives of the coset space VFp\VF, and indexes the Schubert classes. 
Let 

o = P/P £ X = G/P . 
Given w G W^, the Zariski closure 



Yy, := Bw~^ ■ o 

is a Schubert variety. Any G-translate of the Schubert variety 1^ will be referred to as a 
Schubert variety of type w. Let ^^ = \Y^] G H2\w\{X,'L) denote the corresponding Schubert 
class. 

Let {Zi, . . . ,Zr} be the basis of [) dual to the simple roots {ai, . . . ,ar}- Let a± be the 
simple root associated with the cominuscule p. Then 

(2.1) fl = 0iegoeg_i, where Qk ■= {A e Q \ [Z^ , A] = kA} , 
is the Z±-graded decomposition of the Lie algebra g. Moreover, 

(2.2) p = gi go, 

and go is the reductive component of the parabolic subalgebra p. 

Remark 2.3. As a graded decomposition, we have [g^ , g^] C Qk+e- In particular, the subal- 
gebras g±i C g are abelian, [gi , gi] = {0} = [g-i , g-i]. 

Let A denote the set of roots of g. Given a G A, let go, C g denote the corresponding 
root space. Given any subset s C g, let 

A(s) = {a G A I gc, C s} . 

Given a subset f7 of a vector space, let (U) denote the linear span. 
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2.2. The Schur differential system. There is a natural 0o~™odule identification 

ToX ~ 0_i . 
The £-th exterior power decomposes as 

^^ToX =01^ 

\w\=t 

into irreducible go~™odules. (Cf. [18, Section 4.1].) The highest weight line n^ € PI^u is 
defined by 

(2.4) A{w) = wA' n A+ and n^ = 0_q 

oeA(iy) 

Remark 2.5. One important consequence of Remark 2.3 is that given a set <I> C A(gi), 
there exists w € W^ such that A{iu) = $ if and only if A^\<I> is closed. For details see [18, 
Section 2.3]. 

Consider the set of tangent f-planes Gr(£, TgX) as a subvariety of P(A TqX) via the 
Pliicker embedding, and set i?^ = Gic{\w\,ToX) n PI^. The Schur system is the homoge- 
neous bundle 7^„, C Gr {\w\,TX) with fibre R^ over o £ X. An integral manifold M o/ f/ie 
Schur system is a complex submanifold M C X with the property that TM C TZw- The 
Schur system is rigid if every connected integral manifold is contained in a Schubert variety 
of type w. An integral manifold that is not contained in any Schubert variety of type w we 
call nontrivial. When there exist nontrivial integrals we say the Schur system is flexible. 

An integral variety of the Schur system is a subvariety Y G X with the property that the 
set of smooth points Y^ is an integral manifold of the Schur system. The Schubert class ^^ 
(or the Schubert variety 1^,) is Schur rigid if every irreducible integral variety of the Schur 
system is a Schubert variety of type w. An irreducible integral variety that is not Schubert 
variety of type w is nontrivial. When there exist nontrivial integral varieties we say the 
Schubert class S,w (or the Schubert variety Y^) is Schur flexible. 

Theorem 2.6 ([4, 21]). The homology class [Y] C H2\u)\iX , Z) represented by a variety 
Y C X is an integer multiple of the Schubert class ^^ if and only if Y is an integral of the 
Schur system TZ^ . 

Remark 2.7. A priori, it may happen that TZ^) admits nontrivial integral manifolds (a 
differential-geometric property), but no nontrivial integral varieties (an algebraic-geometric 
property). That is, it may be the case that TZw is flexible, while ^^ is Schur rigid. However, 
we will see a posteriori (Corollary 3.2) that TZ^ is flexible if and only if ^^ is Schur flexible. 

For more on the Schur system see [18, Section 7] and the references therein. 

2.3. The Schubert differential system. Recall the Zi-graded decomposition (2.1) of g, 
and let 

(2.8) Go := {g (^ G \ Mg{Q,) d Q,} . 

Then Gq is a closed subgroup of G with Lie algebra go- Associated to the Schur system is 
the more restrictive Schubert system B^ deflned by the Go-orbit B^, C Gr(|«;|,ToX) of the 
go-highest weight line n^ G Rw In particular, B^ C Rw The corresponding homogeneous 
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bundle B^ C Gv{\w\,TX) is precisely the set of |w|-planes tangent to (a smooth point 
of) a Schubert variety of type w. The notions of integrals, rigidity and flexibility for the 
Schubert system are analogous to those for the Schur system (Section 2.2). Theorem 2.6 
and Bw C TZu, yield 

Corollary 2.9. The homology class [Y] C H2\w\iX,'^) represented by an integral variety 
Y C X of the Schubert system B^ is an integer multiple of the Schubert class S^u,. 

For more on the Schubert system see [18, Section 4] and the references therein. The 
following is [18, Proposition 7.5], and is due to Bryant (in the case that X is a Grassmannian) 
and Hong (in general). 

Proposition 2.10. The Schur system TZyj is rigid if and only if B^ = Rw CLrid the Schubert 
system B^, is rigid. 

Remark 2.11. (a) A posteriori the condition that Ry^ = B^ may be dropped; it is a 
consequence of Theorem 3.1 and Corollary 3.2 that B^ is rigid if and only if TZ^ is 
rigid. 

(b) Note that R^ is the intersection of Gi{\w\,ToX) with the (projective) linear span of 
Bu, in P(/\'"''ToX). In general the containment B.^, C Rw is strict. In [18, Sections 
8.2-8.5] we identified all the ^„, for which R^ = B^ holds but failed to codify the list 
in a formal statement. The omission is rectified in Section 5. 

The Schubert system lifts to a linear Pfaffian exterior differential system defined on a 
frame bundle over X [18, Section 4.4]. The lifted system has the advantage that obstructions 
to flexibility may be identified using Lie algebra cohomology, cf. [18, Sections 4 and 5]. A 
complete list of the Schubert systems B^ for which there exist cohomological obstructions 
to flexibility is given by [18, Theorem 6.1]. It is then shown in [18, Theorem 8.1] that 
Rw = Byj for each of these rigid systems. In particular, the corresponding Schur system 
TZw is rigid. 

The flrst goal of this paper is to prove that these cohomological obstructions are a com- 
plete set of obstructions to the Schubert flexibility of ^w That is, in the absence of coho- 
mological obstructions there exist nontrivial, algebraic integrals Y of the Schubert system 
(Theorem 3.1). As an integral of Bw, the variety Y is necessarily an integral of the Schur 
system TZw- In particular, \Y] = rS,w for some integer r > 0. 

2.4. The characterization of Schubert varieties. This section is a brief review of the 
characterization of Schubert classes S,w by an integer a{w) > and a marking J{w) of the 
Dynkin diagram. (The marking is equivalent to a choice of simple roots.) For more detail 
see [18, Section 3.2]. Recall (2.4), and let 

Nw = exp(n^(,) . 

Then 



(2.12) Xw := Nw-o = wYw 

is a Schubert variety of type w . (See [18, Sections 2.3 and 2.4] for more detail.) 

Let 1 E W^ be the identity, and let wq € W^ be the longest element. The 3o~™odule 
Iw is trivial if and only ii w G {l,wo}. (The associated Schubert varieties are Xi = o and 
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Xu,o = X.) Assume w G M^f\{l,it;o}- Let q^ C go be the stabilizer of the highest weight 
Une n^^ G F{/\^'^^ToX). Then there is a subset J(w) C {1, . . . , r}\{i} with the property that 
the Lie algebra q.^, is given by q^ = 0o,>Oi where 

(2.13) Qk/ ■■= {A G Qk I [Zn, , A] = iA} and Z^ = J^ Zj . 

jGJ(«>) 

We call Q = (B9k,i the {Z±, Zw)-bigraded decomposition of g. The following is [18, Proposi- 
tion 3.9]. 

Proposition 2.14 ([18]). Let w G M^''\{1, ri^o}- There exists an integer a = a{w) > such 
that A{w) = {a G A(gi) | aiZ^) < a}. Equivalently, 

(2.15) n^ = g_i,o ••• g_i,-a • 

Remarks. (1) Since ^^ = [Xyj], and X^ is determined by A(t(;), the pair 3{w),J{w) 
characterizes ^w, when w G VFfjlj'Wo}- 

(2) By [18, Proposition 3.19], the Schubert variety X^ is smooth if and only if a(w;) = 0. 
For more on the relationship between the integer a{w) and Sing(X^), see [17]. 

(3) A tableau-esque analog of Proposition 2.14 is given by H. Thomas and A. Yong in 
[20, Proposition 2.1]. 

A complete list of the a(i(;), J(w) that occur is given by [18, Corollary 3.17]. For each 
of the classical, cominuscule varieties, we review the (a, J)-description associated to the 
Schubert variety Xyj in Sections 2.5-2.10. This includes a discussion of the correspondence 
between the (a, J)-data and the more familiar partition-based descriptions. The values of 
(a, J) corresponding to Schubert varieties in the two exceptional cominuscule varieties are 
given by Figures 1 and 2. 

Notation. Given a basis {ei, . . . , e^} of a vector space V ^ let {e^, . . . , e"} denote the dual 
basis of V*. Set e^ = e;, e" G End(y) for ah 1 < a, 6 < n. 

Remark 2.16. I follow the notation of [18], with the following exception. In [18], we uni- 
formly write J = {ji < • • • < jp}. In this paper, it is convenient to reorder the j^ in some 
cases. 

2.5. Quadric hypersurfaces Q^ C P'^+^. 

2.5.1. Odd dimensional quadrics Q^"^^ = Bn/Pi- Set m = 2n — 1. There is a bijection 
between VK''\{l,u)o} and pairs (a, J) such that J = {j} C {2, . . . ,?i} and a G {0, 1}; see [18, 
Corollary 3.17]. The Schubert variety Xyj associated with a fixed a and J may be described 
as follows. 

Given a nondegenerate symmetric quadric form (•, •) on C^""*"^, fix a basis {ei, . . . , e2n+i} 
of C^^^^ so that {ek,ei) = {en+k,en+e) = (efc,e2n+i) = {en+k,e2n+i) = 0, {ek,en+e) = ^ke, 
for all 1 < k,i < n, and (e2n+i,e2n+i) = 1- The abelian subalgebra g_i is spanned by the 
root vectors 

Efc - e^C|]J^ , with root -(ai H \-ak-i), 

e-i+k - ^n+i ; with root - (qi H h afc-i + 2(afc H h a„)) , 

e2n+i-e^+"i\ with root -(ai H h an) , 
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2<k <n. 

2n 



Set o = [ei] G P^". If a = 0, then 





nw = {el - 


n+k 
e-n+l 


a = 


= 1, then 






n^ = 


(4- 



\k<i) and X^ = exp(n^) • o = P(ei, . . . ,ej) = PJ'^ 

^n+l ' ^n+i ~ ^n+1 > ^2n+l ~ ^n+1 \^ <k <n, j < £) 

and Xyj =exp(nti,) -0= Q™ n P(ei, . . . ,e„+i,e„+j+i, . . . ,e2n+i). 

2.5.2. Even dimensional quadrics Q^"-"^ = Dn/Pi- Set ?7i = 2n — 2. There is a bijection 
between P^f\{l,'u;o} and pairs (a, J) such that either 

o a = and J = {j} C {2, . . . ,n} or J = {n — l,n}; or 

o a = 1 and J = {j} C {2, . . . ,n — 2} or J = {n — l,n}. 

See [18, Corollary 3.17]. The Schubert variety X^ associated with a fixed a and J may be 
described as follows. 

Given a nondegenerate symmetric quadric form (■, •) on C^*^, fix a basis {ei, . . . , e2n\ of 
C^"' so that (cfc, e^) = (e^+fc, e„+£) = and (e^, e„+£) = 5ki, for all 1 < fc,£ < n. The abelian 
subalgebra 0_i is spanned by the root vectors 

e\-e^\, with root -(ai H hofc-i), 

e\j^i - e^_^i , with root - (ai H h a£_i + 2(a£ H + an-2) + "n-i + "n) , 

ehn-^n+ii with root -(ai H V an-2) - oin-, 

with 2 < A; < 7i and 2 < £ < 7i - 1. 

Set o = [ei] G PC^". First suppose that a = 0. If J = {j} with 2 < j < n - 2, then 
Xy, =PJ-i. If J = {n-l}or J = {n}, thenX^ = P*^"!. If J = {n- l,n}, then X„ = P"-2. 

Next suppose that a = 1. If J = {j} with 2 < j < n - 2, then X^ = Q™ n 
P(ei,...,en+i,e„+j+i,...,e2n)- If J = {n - l,n}, then X^ = Q"" n P(ei, . . . , e„+i, 62^)- 

2.6. Grassmannians Gr(i,n + 1) = An/P±- There is a bijection between l^P\{l,tt;o} 
and pairs (a, J) such that J = {jp , . . . , ji , ki , . . . , kq} C {1, • • • ,n}\{i} is ordered so 
that 

1 < jp<---<ji< i <ki<---<kq < n, 

and satisfying p, q G {a,a + 1}; see [18, Corollary 3.17]. (Beware, these p, q do not agree 
with those of [18], cf. Remark 2.16.) For convenience we set 

jp+i := 0, jo := i =: ko , kq+i := n + 1. 

Fix a basis {ei, . . . ,6^+1} of C""*"^. The abelian subalgebra 0_i is spanned by the root 
vectors {e^ | l<A;<i<^<n + l}; the corresponding roots are — (a^ + • • • + Q£_i). Define 
a filtration Fa+i C Fa C • • • C Fi C Fq of C^+i by 

(2.17a) Yi = (ei, 62,..., ej^ , 61+1,61+2,..., ek„) with ^ + m = a + l. 

Set o = [ei A • • • A ei] G P(A'C"+i). Then 

(2.17b) Xy, = {E (^ Gr(i, n + 1) | dim(£; n F^) > j^ , < £ < a + 1} . 
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Example 2.18. Consider X = Gr(5, 13) ~ A12/P5. The marking J = {2,3,7,9,12} and 
integer a = 2 define the filtration F3 C F2 C Fi C Fq as 

F3 = (0), F2 = (ei,e2, 66,67) , 

Fi = (61,62,63,66,67,68,69), Fo = (ei,..., 65, 66,... 612). 

The associated Schubert variety is the set of all E € Gr(5, 13) such that 

dim(£; n F3) > , dim(£;nF2) > 2, dim(£; n Fi) > 3 , dim(£; n Fq) > 5 . 

Example 2.19. Consider X = Gr(6, 11) ~ Aiq/Pq. The marking J = {1,3,4,7,9} and 
integer a = 2 define the filtration F3 C F2 C Fi C Fq as 

F3 = (ei), F2 = (61,62,63,67), 

Fi = (61,62,63,64,67,68,69), Fo = C^^ . 

The associated Schubert variety is the set of all E € Gr(6, 11) such that 

dim(£; n F3) > 1 , dim(£;nF2) > 3, dim(£; n Fi) > 4, dim(£; n Fq) > 6 . 

2.7. Partitions versus (a, J) in Grassmannians. Complete the filtration F, of (2.17a) 
to a full flag 

(2.20) C F^ C F^ c ••• C F"+\ d[mF'^ = d. 

Note that 

F^ = i?J<?+km-i ^ where ^ + m = a + 1 . 

It is well-known that Schubert varieties in Gr(i,7i + 1) are indexed by partitions 

(2.21) A = (Ai,...,Ai) eZ^ such that l<Ai<A2<---<Ai<n + l. 
The corresponding Schubert variety is 

(2.22) Xx := {E G Gr(i, n + 1) | dim{E n F^^) > /c , 1 < A; < i} . 

We may determine the a(A) and J(A) values associated to X\ (cf. Proposition 2.14) as 
follows. Note that, if A^+i = A^. + 1, then the condition dim(FnF^''') > A; is redundant; it is 
implied by dim(£'nF'^'''+i) > A; + l. To remove the redundancies, decompose A = //^ • • • n^fi^ 
into maximal blocks of consecutive integers. For example, if A = (2,3,4,7,8,12), then 
/i2 = (2,3,4), n^ = (7,8) and ^0 = (12). Define 

(2.23) j,(A) = l/uP.-./l 

to be the length of the sub-partition /i^ • • • /i . (In all cases, jo = |A| = i.) In the preceeding 
example, J2 = 3, ji = 5 and jo = 6. Note that Aj^ is the last entry in the block ^u . That 
is, 

(2.24) {Aj^, . . . , Aj J = {Afc G A j Afc - A^+i > 1 , 1 < k < i} . 
The redundancy-free formulation of (2.22) is 

Xx = {E e Gr(i, n + 1) I dim(F n F^^i )>U, 1 < ^ < p} • 

In particular, 

F^ii = Ff.. 
This yields the following reformulation of [18, Proposition 3.30]. 
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Lemma 2.25 ([18]). Let A = (Ai,...,Ai) be a partition satisfying (2.21), and let A = 
fi^ ■ ■ ■ fi^fjP be the decomposition of A into maximal blocks of consecutive integers. The 
values a(A) and J(A) = {jp, . . . , ji, ki, . . . , kq} are given by (2.23), 

{ki,...,kq} = {i- jp + Ajp,..., i- ji + Aji , Ai}\{i,n + 1} 

and 

p i/ Ai > 1 1 ^ f q , if Xi = n + l 

p - 1 i/ Ai = 1 J \ q - 1 , ifX±<n+l. 

Conversely, given (a, J), the associated partition A = /.fP • • • fi^fjP is given by 

j/ = {ji+i + km - i + 1 , . . . , J£ + km - i) , 
with i + m = a + 1. 

Example. In Example 2.18, we have A = (3,4,7,11,12); and in Example 2.19 we have 
A = (1,3, 4, 7, 10, 11). 

Remark. Together [18, Proposition 3.30] and [1, Theorem 9.3.1] imply that the integer 
a{w) is the number of irreducible components of Sing(Xu,). See [17] for a uniform (type 
independent) description of the singular loci of cominuscule Schubert varieties. 

2.8. Lagrangian Grassmannians LG(n,2n) = Cn/Pn- There exists a bijection be- 
tween VFP\{1, ujo} and pairs a > and J = {jp, . . . , ji} C {1, . . . , n — 1} satisfying 

1 < jp < ••• < ji < n-1 

and |J| = p G {a, a + 1}; see [18, Corollary 3.17]. (Note that these jg have the opposite 
order of those in [18].) For convenience we set 

jp+i := 0, jo := n. 

To describe the corresponding Schubert variety X^, fix a nondegenerate skew-symmetric 
bilinear form (•, •) on C^", and basis {ei, . . . , e2n} of C^" satisfying (e^, e^) = = (e„+a, Cn+b) 
and 1 = {ca, Cn+b) = ^ab for all 1 < a, 6 < n. Then LG(n, 2n) is the C^-orbit of (ei, . . . , e„). 
The abelian subalgebra 3_i (which may be identified with n-by-n symmetric matrices) is 
spanned by the root vectors {e'^j^^^ + &^+j I 1 < i < ^ < n}, with roots — (oj -|- • • • -|- a/c-i) — 
2(afc H h an)- Define a filtration Fp C • • • C Fi C Fq of C^" by 

(2.26a) 7i = (ei,...,ej^ , e„+j„+i,...,e2n) with i + m = a + l. 

Set o = [ei A • • • A e„] € P(A"C2"). Then 

(2.26b) Xy, = {E e LG(n, 2n) | dim(£; n F^) > j^ , V < ^ < p} . 

Example 2.27. Consider X = LG(5, 10) ~ C^/P^. The marking J = {1,2,4} and integer 
a = 3 define the filtration F3 C F2 C Fi C Fq of C^*' as 

F3 = (ei,eio), F2 = (61,62,68,69,610), 

Fi = (61,... ,64, 67,... ,610), Fq = C^°. 

The associated Schubert variety is the set of all E € LG(5, 10) such that 
dim(£; n F3) > 1 , dim(£;nF2) > 2, dim(£;nFi) > 4. 
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2.9. Partitions versus (a, J) in Lagrangian grassmannians. Complete the filtration 
F, of (2.26a) to a full isotropic flag F'; that is, 

(2.28) (f'',f2""^) = for all 1 < A;<n, and F^ = F^^+^-J™ where i+m = a + 1 . 

It is well-known that Schubert varieties in LG(n, 2n) are indexed by partitions A = (Ai, A2, ■ ■ ■ , A„) 
such that 

(2.29a) 1 < Ai < A2 < • • • < A„ < 2n , and 

(2.29b) Aj G A if and only if 2n + 1 - Ai A . 

The corresponding Schubert variety is 

(2.30) Xx = {E e LG(n, 2n) | dim{E n F^") > k , 1 < k < n} . 

We may determine the values a (A) and J(A) associated to Xx (cf. Proposition 2.14) as 
follows. As was the case in Section 2.6, the definition of Xx is redundant. Again, to remove 
the redundancies, decompose A = ^^ • • • /i^/x*^ into maximal blocks of consecutive integers. 
Let J£(A) = l/^P • • • /_/| be the length of the sub-partition fi^ ■ ■ ■ fi^. (In all cases, jo = n.) 
Then the redundancy-free formulation is 

Xx = {E £ LG(n, 2n) | dim(F n F^Jf ) > j^ , 1 < ^ < p} . 

A comparison of this with (2.26b) yields J = {jp(A), . . . , ji(A)} and 

Fi = F^«, 

so that Aj^ = dimF^ = 3£ + n — j^, for £ + m = a + 1; note that Aj^ + Aj^ = 2n. In order 
to determine the value of a, we consider two cases: 

o First, suppose that Ai > 1. By (2.29b), this is equivalent to A„ = Ajq = 2n. Additionally, 
(2.29b) yields Aj^ + Aj^^ = 2n when i + m = p + 1. Therefore, a = p. 

o Second, suppose that Ai = 1, equivalently, A„ = Ajp < 2n. Equation (2.29b) implies 

Aj^ + ^jm — 2?^ when £ + in = p. Thus, p = a + 1. 
The preceding discussion may be summarized as follows. 

Lemma 2.31. Let A = (Ai,...,A„) be a partition satisfying (2.29). Let A = fi^---ii^ijP 
be a decomposition of A into p + 1 maximal blocks of consecutive integers. Then J (A) = 
{jp(A), . . . , ji(A)} is given by (2.23), and 

a(A) = I P-1 '{^i = ; 
^ ^ 1 P «/ Ai > 1 . 

Conversely, given a and J = {jp, • " " 1 ji} we construct A(a, J) = f-i'^{a, J) • • • ^'^(a, J) by 

(2.32) /(a, J) = (n + 1 + j£+i - jm, ••• , n + j£- jm), with i + m = a + 1 . 

Example. Consider n = 15 and J = {3,7,9,13}. Since |J| = 4, we have either a = 3 or 
a = 4. If a = 3, then the partition is A = (1, 2,3)(6, 7, 8,9)(14, 15)(18, 19,20, 21, 22)(26, 27). 
If a = 4, then A = (3, 4, 5)(10, 11, 12, 13)(16, 17)(22, 23, 24, 25)(29, 30) . 
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2.10. Spinor varieties Sn = D-ajPn. Given a = a(tt;) and J = J(w), note that 

an-\{Zw) = ifn— 10J, and On-iiZ^) = 1 ifn — iGJ. 

Define 

n . . sM f [3/21 if n- 1 J, 

(2.33) r=fl(a + a„_,(ZJ)l = | [^^J ^ ^ „„_j^,: 

Tliere exists a bijection between W'''\{l,'Wo}, and pairs a > and J = {jp,---,ji} C 
{1, . . . , n — 1}, ordered so tliat 

(2.34a) 1 < jp < ••• < ji < n-1, 

and satisfying 

(2.34b) p-a„_i(Z^„) € {a,a + 1}, and 2<jr-jr+i when r>a„_i(Z^); 

see [18, Corohary 3.17]. (Note that these jg have the opposite order of those in [18].) For 
convenience we set 

jp+i := 0, jo := n. 
To describe the corresponding Schubert variety Xy^, fix a nondegenerate symmetric bi- 
linear form (•, •) on C^" and basis {ei, . . . , e2n} of C^"" satisfying (ea, e^) = = {cn+a, e-n+b) 
and 1 = (ea,e„+b) = 5ab for ah 1 < a, 6 < n. Our convention is that 5„ is the D^-orbit 
of (ei,...,en). The abehan subalgebra 0_i (which may be identified with Ji-by-n skew- 
symmetric matrices) is spanned by root vectors {e;^.,.;. — e^+j | 1 < i < fe < n}. The 
corresponding roots are — (oj + • • • + an-2) — ««; if A; = n; — (oj + • • • + ««); if A; = n — 1; 
and —{oij + • • • + a/o-i) — 2(afc + • • • -|- 0^-2) — On-i — CKn, if A; < n — 1. Define a filtration 
Fp C • • • C Fi C Fo of C2" by 

(2.35a) 7i = (ei,...,ej^ , en+j„+i,...,e2n) 

with 

/^ nr-^ \ „ fa-|-lifn — 1^J,1 , , rr \ 

(2.35b) t + m = I ^^2 ifn-lL | = ^ + 1 + "-i(^«') • 

Set o = [ei A • • • A e„] G P(A"C2"). Then 

(2.35c) Xyj = {E (^Sn\ dim(£; n F^) > j^ , V < ^ < p} . 

2.11. Partitions versus (a, J) in Sn- Complete the filtration F, of (2.35a) to a full 
isotropic flag F'; that is, we have (2.28), where the nondegenerate (•,•) is now taken to 
be symmetric. The partition description for the Schubert varieties in the spinor variety is 
very similar to those in the Lagrangian grassmannian. Begin with a partition A satisfying 
(2.29). Let J(A) be given by (2.23), define 

p — 1 if Ai = 1 and j 1 (A) < n — 1 , 
(2.36) a(A) = P V^^W"n^^"~\' 

^ ' ^ ' p — 2 if Ai = 1 and ji(A) = n — 1 , 

p — 1 if Ai > 1 and ji(A) = n — 1 , 
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and let r(A) be given by (2.33). Then the Schubert varieties of 5„ are indexed by partitions 
A = (Ai, A2, . . . , An) satisfying (2.29) and 

(2.37) 2 < jr-jr+i = l/l- 
The corresponding Schubert variety is given by 

(2.38) Xx = {E eSn\ dim{E D F^>^) > k , 1 < k < n} . 

Example. Consider n = 15 and J = {3,6,7, 11, 12}. The constraint 2 > jr — jr+i impHes 
r / 1,3. So a / 1,2,5,6. Since p = 5 and ji = 12 < n — 1 = 14, this forces a = 4. The 
corresponding partition is A = (1, 2, 3)(7, 8, 9)(11)(16, 17, 18, 19)(21)(25, 26, 27). 

Example. Consider n = 15 and J = {1,5,8, 10, 14}. Then a = 3 or a = 4. If a = 3, then 
A = (1)(3, 4, 5, 6)(11, 12, 13)(16, 17)(21, 22, 23, 24)(29). If a = 4, then 

A = (2)(7, 8, 9, 10)(13, 14, 15)(19, 20)(25, 26, 27, 28)(30) . 

In analogy with Lemma 2.31, we have the following relationship between the partition 
and (a, J) descriptions (cf. Proposition 2.14) of Schubert varieties in 5„. 

Lemma 2.39. Schubert varieties in 5„ = Dn/Pn <ire indexed by partitions 

A = (Ai,...,A„) =/iP---/iV° 

satisfying (2.29) and (2.37); the corresponding Schubert variety is given by (2.38). The set 
J(A) = {jp(A),... , ji(A)} is given by (2.23), and a{X) is given by (2.36). Conversely, given 
a and J, the associated partition is given by (2.32) with i + m = a + l + an-i{Zu]). 

Remark. Variants of Lemmas 2.31 and 2.39 were also obtained by D. The [19]. 

2.12. The exceptional cases. Figures 1 and 2 (pages 13 and 14) are respectively the 
Hasse diagrams W^ of the Cayley plane Eq/Pq and Freudenthal variety Ej/Pj. Each node 
represents a Schubert class ^^ and is labeled with the corresponding a(tt;) : ^{w) values, 
which were obtained with the assistance of [16]. The height of the node indicates the 
dimension of X^; in particular, the lowest node o G X is at height zero. Two nodes are 
connected if the Schubert variety associated with the lower node is a divisor of the Schubert 
variety associated with the higher node. 

2.13. Divisors. In this section we establish some lemmas that will be used in Section 3. 
Recall the (Zi, Zu;)-bigraded decomposition (2.13) of g, and note that 0o,o is a reductive 
subalgebra of g. 

Definition 2.40. Given a representation U of 0o,O) let n(C/) denote the set of highest weights. 

Given a € A"*", let r^ £W denote the corresponding reflection. 

Lemma 2.41. Let a € A(w). Then A{'w)\{a} = A{vu') for some w' £ W^ if and only if 
a G n(0i^a)- In this case w' = raW. 

Proof. By Remark 2.5, there exists w' € W^ such that A{w)\{oi} = A{w') if and only if 
^ = {a} U (A^\A(it;)) is closed. So, it suffices to show that a € n(gi.a) if and only if <I> is 
closed. 

Assume a £ n(5i^a)- Let //, i^ € $, and suppose that fj, + u £ A. To see that $ is closed, 
we must show that // + 1^ G $. First, note that either /Li 7^ a or 1/ / a, as 2a A. Second, if 
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Figure 1. Hasse diagram of Eq/Pq, each node labeled with the a : J values. 
A node is circled (at least once) if B^ = R^ (Section 5.5), and twice if 
Schubert the system is rigid (Theorem 4.24). 
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Figure 2. Hasse diagram of Ef/Pj, each node labeled with the a : J values. 
A node is circled (at least once) if B^ = Rw (Section 5.5), and twice if 
Schubert the system is rigid (Theorem 4.24). 
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both f^jf G A'^\A{w), then ^u + z> G A^\A(t(;) C <^, by Remark 2.5. It reinams to consider 
the case that fi = a and z/ G A^\A(?i;). Remark 2.3, and the assumption that /u + i^ is a 
root, force i^ € A+(go). Note that vlZ^) > 0. If i^iZ^) = 0, then i/ is a positive root of 
go,0) and the hypothesis that a is a highest go,o~weight imphes fi + v ^ A. If ^{Zw) > 0, 
then {n + i/){Zyj) > a. By Proposition 2.14, we have A+\A(u;) = A+(go) U A(gi^>a); in 
particular, fi + i^ G A+\A(u;) C <&. 

Conversely, suppose that $ is closed. To see that a is a highest go,o-weight, it suffices to 
show that a + /? A for aU /3 G S(go,o)- Note that {a + P){Zyj) = a + 0. So, if a + /3 G A, 
then a + /3 e A(gi,a). By Proposition 2.14, A(gi,a) C Aiw). Therefore, a + /3 € A+\$; 
since a,/3 G #, this contradicts the assumption that ^ is closed. 

It remains to show that w' = r^w. This is [5, Proposition 3.2.15(3)]. D 

A similar argument yields the complimentary 

Lemma 2.42. Let a G A{qi)\A{w). Then A{w) U {a} = A{w') for some w' G W^ if and 
only if —a G n(g_i^_a-i). (Equivalently, a is a lowest Qofl-weight for gi,a+i-y' In this case 
w' = raUl. 

By (2.4) and (2.12), X^i C X^ if and only if A{w') C A(w). Whence Lemmas 2.41 and 
2.42 yield 

Corollary 2.43. Fix a Schubert variety Xy^. 

(a) The number of Schubert divisors in X^ is |n(gi^a)|- 

(b) The number of Schubert varieties containing X^ as a divisor is |n(gi^a+i)|- 

3. Flexibility 

In [18, Section 4] we saw that a Lie algebra cohomology i?^(n^,g^) group is naturally 
associated with the Schubert system Bw The cohomology group contains two distinguished 
subspaces -f^ia-i ^^^'^ -^2 2a-i- When the subspaces are trivial, the Schubert system is 
necessarily rigid, [18, Theorem 5.38]. The two subspaces are trivial precisely when two 
representation theoretic conditions. Hi = Hi(u;) and H2 = H2(w)), are satisfied (Definition 
3.4). When both conditions hold, we say that H_|_ is satisfied, and there exist cohomological 
obstructions to flexibility. Theorem 3.1 asserts that in the absence of these cohomological 
obstructions, the Schubert system is flexible. (In fact, it asserts the stronger statement that 
^w is Schubert flexible; see Remark 2.7.) 

Theorem 3.1. Let X = G/P be a cominuscule variety, and fix w ^ W'^\{'1,wq}. The 
Schubert system 3^ is rigid if and only i/ H+ is satisfied. Moreover, when H_|_ fails, there 
exist nontrivial algebraic integrals; in particular, the Schubert class ^^ is Schubert rigid if 
and only if H4. holds. 

Remark (Geometric interpretation). Recall (Section 2.3) that an irreducible variety Y C X 
is an integral of the Schubert system 3^ if and only if at each smooth point y (z Y there 
exists a Schubert variety Y' = Y'{y) of type w, such that y is also a smooth point of Y', 
and TyY = TyY' . Equivalently, if y denotes the canonical lift of the smooth locus Yq CY 
to Gt{\w\,TX), then y and y' intersect at y = TyY G Gr(|w;|,TX). If the condition Hi 
holds, then y and y' are necessarily tangent at y; and when both conditions Hi and H2 
hold, y and y' agree to second-order at y. 
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Corollary 3.2. Let w G W'^\{1^wq}. The Schur TZ^j system is rigid if and only if H+ is 
satisfied. Moreover, when H4. fails, there exist nontrivial algebraic integrals; in particular, 
the Schubert class ^^ is Schur rigid if and only i/ H_|_ holds. 

Proof. The corollary is a direct consequence of Proposition 2.10, Theorem 3.1 and [18, 
Theorem 8.1]. D 

Remark. A complete list of the Schubert varieties (in an irreducible cominuscule X) satis- 
fying H_|_ is given by [18, Theorem 6.1]. 

Corollary 3.3 (Poincare duality). A Schubert class ^w is Schur rigid if and only if its 
Poincare dual ^w* is Schur rigid. 

Proof. Given w G W^, let w* G W^ be the element associated to the Poincare dual of ^^. 
By [18, Corollary 6.2], the condition H^{w) holds if and only if H^{w*) holds. It follows 
from Theorem 3.1 (resp. Corollary 3.2) that the Schubert system B^ (resp. the Schur 
system 7^^) is rigid if and only if the system B^* (resp. TZw*) is rigid. D 

As given by [18, Definitions 5.27 and 5.36], we have 

Definition 3.4. The condition Hi fails when there exist go.o^highest weights — /3 G A(go,_i) 
and 7 G A(gi^a) such that 

(3.5) [5-13 , 07] = {0} / [q,3 , 0^] = [Q(3 , 0i,a] . 

The condition H2 fails when there exist go,o^highest weights e G A(gi^a-i) and 7 G A(gi^a) 
such that 

(') (ii) 

(3.6) {0} / [0£ , 0_^] = [Qe , 0-1 -a] • 

When both Hi and H2 hold, we say that the condition H+ is satisfied. 

Remark. Note that — /3 is a 0o,o^liighest weight if and only if /3 is a 0o,o~lowest weight. That 
is, f3 G A(0o,i) is a simple root. 

Remark 3.7. Note that H2 is trivially satisfied when a = 0, as 0i,a-i = 0i,-i = 0. 

Remark 3.8. If the Dynkin diagram of G is simply laced {G is of type ADE), then H2 is 
satisfied for every Schubert variety X^ C X ~ G/P±. See Lemmas 4.4, 4.8, 4.19, and 
Remark 4.25(a). 

Example. In Example 2.18, the 0o,o~lowest weights /3 G A(0o,i) are {02 , Oi^ , aj , ag , 012}, 
and the 0o,o~liigfiest weights are 

n(0i,a) = {ai H h ae , 03 H h as , 04 H h an} , 

n(0i,a-i) = {as H ha6,a4H has}. 

The condition Hi fails for /3 = ag and 7 = as + • • • + ag. The condition H2 is satisfied. 

Example. In Example 2.27, the go,o~lowest weights /3 G A(0o,i) are {ai , a2 , a4}, and the 
go,o-highest weights are 

n(gi,a) = {ai H h as , a2 + 2a3 -I- 2a4 + as} , 

n(gi,a-i) = {a2-\ h as , 2a3 + 2a4 + as} . 
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The condition Hi fails for /? = 04 and 7 = ai + • • • + 05. The condition H2 fails for 

e = 2a3 + 2a4 + as and 7 = e + 02- 

3.1. Outline of the proof of Theorem 3.1. By [18, Theorem 5.38], the Schubert system 
Bw is rigid when H_|_ is satisfied. So to prove Theorem 3.1 if suffices to show that there 
exist nontrivial integrals Y of the Schubert system when H_|_ fails. This is done in Sections 
3.2 and 3.4. We will see that there exists a Schubert divisor X^j/ C X^ and a 1-parameter 
subgroup A C G with the property that Y = A ■ X^' is a nontrivial integral variety of the 
Schubert system Bw 

To see that the varieties Y constructed in Sections 3.2 and 3.4 are nontrivial integrals of 
the Schubert system we must review some of the results of [18]. Define 

^t = 0-« = 00-1,-6' 

aeA{gi)\A{w) b>a 

SO that 3„i = n^ © n^, and let 

Qw = ^w ® 00 - © 01, <a • 

Each cohomology class [u] G //^(n^,0^) admits a unique harmonic representative u GJi^ C 
5w '^^w by [18, Proposition 5.10]. The grading element Zi induces a graded decomposition 
U^ = Hl®n\® nl with UoCn^® nj;,, n\ C 50 - ® K and Ul C 0i,<a nl,. 

Let -d denote the g-valued, left-invariant Maurer-Cartan form on G. Set Q^i = Ti^©0o,>o® 
01, >a, so that Q = Qw®Qw- Let -di^^i denote the g^.^-valued component of the Maurer-Cartan 
form, with respect to the direct sum decomposition g = ®Qki of (2.13). Similarly, let ^^^ 
and 'd^i_ respectively denote the g^- and n^-valued components of "d, with respect to the 

direct sum decompositions g = (n^ © n^) © g>o = Qw ® Qw- The following is an amalgam 
of [18, Lemma 4.9 and Corollary 5.12]. 

Lemma 3.9. There is a bijective correspondence between submanifolds U C G such that 
(i) i!)q^ : TgU —^Qw is a linear isomorphism for all g & U , 
(ii) Tl)„± = vanishes on U , 

w 

(iii) there exists a smooth map A : [/ — ?• Til such that t?o,- = '^(^n») on U , 
and integral manifolds U -o C X of the Schubert system. Additionally, there exists a smooth 
function fi : U ^- gi,<a (Xm^ such that "i^i^o = /^K^nu.) on U. If X is identically zero, then fi 
takes values in Ti^. 

The submanifold U of Lemma 3.9 is the sub-bundle J-^ of [18, Corollary 5.12]. It is a 
consequence of the arguments of [18, Section 4.7] that the sub-bundle J^ is unique. Then 
[18, Proposition 4.13] yields 

Lemma 3.10. The integral manifold U ■ o <Z X is a Schubert variety of type w if and only 
if both A and /i vanish identically on U. 



The integrals Y = A ■ X^i constructed in Sections 3.2 and 3.4 will be of the form Y 



U ■ 0, where U satisfies the hypothesis of Lemma 3.11. 

Lemma 3.11. Let U d G be a submanifold such that 
(i) i?g„ : TgU ^ Xiu) is a linear isomorphism for all g £ U, 
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(ii) '&„± vanishes on U. 
Then U ■ o C X is a nontrivial integral manifold of the Schubert system if either 

(a) there exists a smooth map A : C/ — >■ Til, that is not identically zero, such that i9o,- = 
A('!9n,J on U; or 

(b) T^o,- vanishes on U, and there exists a smooth map fi : U ^ 1-0^, that is not identically 
zero, such that "i^i^o = /^(^n^)- 

Proof. Let G' C G be the connected Lie group with Lie algebra 0o,>offi0i,>a- Let C/ C G be 
a submanifold satisfying (i) and (ii) of Lemma 3.11. Then U' = UG' C G is a submanifold 
satisfying (i) and (ii) of Lemma 3.9. 

Suppose U satisfies Lemma 3.11(a). Then U' satisfies Lemma 3.9(iii). Lemma 3.10 
imphes that U ■ a = U' ■ o <Z X is a, nontrivial integral of the Schubert system. 

Suppose U satisfies Lemma 3.11(b). The t?o,- filso vanishes on U' . In particular, U' 
satisfies Lemma 3.9(iii) trivially. Moreover, since A is identically zero on [/', the function ^ 
of Lemma 3.9 necessarily takes values in 1-0^. Since /i is nonzero on U C U' , Lemma 3.10 
implies that U ■ o = U' ■ o <Z X \s a. nontrivial integral of the Schubert system. D 

3.2. Proof of Theorem 3.1 in the case that Hi fails. We will follow the strategy 
outlined in Section 3.1. Suppose that Hi fails for a pair 7, — /3; see Definition 3.4. Then 
[18, Lemma 5.28] asserts that 

(3.12) Q.p®Q.,(in\. 

Lemma 2.41 and the fact that 7 e A(0i^a) is a 0o,o~highest weight yield w' € W^ such 
that /\{w') U {7} = A(u;). Fix / G G Q-^ and / 's G Q-p. Let a= {B + C). 

Claim. The direct sum n' := a n^„' is a subalgebra of g. 

The claim is proved at the end of this section. Assuming the claim holds, let N' = 
exp(n') C G. When restricted to A^' the Maurer-Cartan form -d takes values in n'. In 
particular, U = N' satisfies hypotheses (i) and (ii) of Lemma 3.11. Moreover, the map A of 
Lemma 3.11 is the nonzero, constant map given by Ai^ , = and A(G) = B. By (3.12), A 
lies in Ti^. It follows from Lemma 3. 11. a that A^' • o C A is a nontrivial integral manifold 
of the Schubert system. 

Finally, note that n' C g_i © 0o,-i is nilpotent. It follows that A^' = exp(n') is a linear 
algebraic subgroup of G. Therefore, the Zariski closure Yi = A^' • o is an irreducible algebraic 
subvariety of X with dimYi = dimA^' = dimA"^. Therefore, Yi is a nontrivial, integral 
variety of the Schubert system. Modulo the claim, this completes the proof of Theorem 3.1 
in the case that Hi fails. 



Remark. Let A = exp(a). Then A^' = AN^i and Yi = A- A^/. 

The proof the the claim makes use of the following 

Remark 3.13. Given two roots /i,i/ G A, we have [0/^,0;/] = 0^+i/. In particular, /x + i/ G A 
if and only if [Q, C] 7^ for every 7^ (" G 0^^ and 7^ .^ G 0i/. See, for example, [13, Corollary 
2.35]. 
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Proof of claim. Since both a and n^/ are subalgebras of g, it suffices to show that [a , n^'] C 
n'. To that end, let ^ € n^'. Then C G g^^ C g-i and Remark 2.3 yield 

[B + C,C] = [B,C]- 

Without loss of generality we may assume that ^ G g_^ is a nonzero root vector, /x G A{w'). 
By Remark 3.13, [B , ^] £ q^js^^ is nonzero if and only if /3 + /x is a root; assume this is the 
case. We wish to show that g_/3_^ C n^/; equivalently, /3 + // G A{'w'). 

By Proposition 2.14, A{w) = A(gi,<a). Since A{w') U {7} = A{w) and 7 G A(gi,a), we 
have 

0<Ai(^»)<a and A(gi,<a) C A{w') C A(gi,<a) . 
We consider three cases: First, if ii{Zu,) < a — 1, then (/x + l3){Zw) < a and (3 + fi £ A{w'). 
Second, if fi{Zw) = a — 1, then (/i + l3){Zw) = a. By (3.5.i), // + /37^7, so/u + /3g A{w'). 
Third, if fJ,{Zw) = a, then (3.5.ii) implies /3 + /i is not a root. D 

3.3. The nontrivial Schubert integral Y^. Let Yi denote the nontrivial integral variety 
of the Schubert system 0„, constructed in Section 3.2. By Corollary 2.9, the homology 
class [Yi] is an integer multiple of the Schubert class ^w In Section 4 we give an algebro- 
geometric description of Yi and and will see that [Yi] = 2^^, in the case that X is one of the 
classical irreducible cominuscule varieties. The key tool in Section 4 is Lemma 3.17, which 
it is convenient to prove while the construction of Yi is fresh. We will obtain Proposition 
3.15, which provides some coarse information about Yi, as a corollary. 

Let w, w' , 7 and /3 be as in Section 3.2. Let (•,•) denote the Killing form on f)*, and 
define 

(3^14) '--'-'im- 

Condition (3.5) and [13, Proposition 2.48] imply that the /3-string containing 7 is of the 
form 7 + ^/3 with < £ < s - 1, and that 2 < s < 4. Given < j < s, set 7^+1 := 7 + j/3 
and define 

w = r^^ ■ ■ ■ r^^'^ £ W . 

Proposition 3.15. The Weyl group element w^ is a member of the Hasse diagram. W^ , 
and A{w^) = A{'w) U {72, . . . ,7s}- Let X^i denote the corresponding Schubert variety. Let 
Yi be the nontrivial integral of the Schubert system constructed in Section 3.2. Both Y\ and 
X^ are subvarieties of X^i of codimension s — 1. 

The proposition is proved below, after Example 3.19. 

Let C G g-^y and B G g_/3 be as in Section 3.2. Set Ci = C and define C^+i = [B, Ci\ G 
g-7-£/3- Note that, Cs ^ and Cs+i = 0. Consider the curve Ci : C — > n^, C g_i given by 

Define 

(3.16) Ml := exp(mi) and mi := {( + Ci{t) \ ( e n^,' , t £ C} . 



Lemma 3.17. The nontrivial Schubert integral constructed in Section 3.2 is Yi = Mi • 0. 
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The lemma is proved at the end of the section. 



Remark 3.18. When X = Gr(fc, n) and ^^ is Schur flexible, Coskun has exhibited explicit 
irreducible varieties Y C Gr(A:,n) such that [Y] = 2^yj (cf. the proof of Theorem 2.1 in [7]). 
In the proof of Proposition 4.9, we will see that the nontrivial integrals Yi constructed in 
the proof above are of the form demonstrated by Coskun, as the following simple example 
illustrates. 

Example 3.19. The notational conventions of Section 2.6 hold here. Let X = Gr(3,7) C 
P(/\^C'^). The Schubert variety Xyj = exp(n^) -o given by a = 1 and J = {1,2,5} has 
associated partition (cf. Section 2.6) \{w) = (1,4,7) is given by . The subspace n^ = 
{^i e^ I s = (s|, Sg, s|, Sg, Sg, Sg) G C^} is represented in matrix form as 



/ st 4 \ 

Q si si 

si "" '-" 

V si J 



We have o= [eiAe2Ae3] G Gr(3,7). Thus exp(n^)-o = {[eiA{e2+siej)A{es+s^ek)] \ (4) ^ 
C^}. Define F^ = (ei) and F^ = (61,62,64,65). Then 

X^ = exp(n^) • o = {Ee Gr(3, 7) \ F^ C E , dim{E n F^) > 2} . 

The condition Hi fails for the pair 7 = a2 + «3 + 04 and /3 = 05. Set C = 65 G g_^ 
and B = —eg G g_^, then C2 = eg and C3 = 0. Thus, the integer of (3.14) is s = 2, and 
Ci(t) = tef + ^i^eg. So the space mi of (3.16) is represented in matrix form as 

/ si 4 \ 



mi = 



t si 
it^ si 



c 



V si J 

Set F^ = (ei, 62, 64, 65, ee). The Schubert variety X^i of Proposition 3.15 is 

X^i = {E e Gr(3, 7) \ F^ C E , dim(F n F^) > 2} , 

with associated partition X{w^) = (1,5,7). Let Q = {(a^s)^ — 2x23^6 = 0} C F^ . It follows 
from Lemma 3.17 that 



Yi = {F G X^i I 3 C G Gr(2, F) s.t. ( C Q} . 

This is the variety Y constructed by Coskun; he also shows that Y is irreducible and 
homologous to 2^^^,. 

Proof of Proposition 3.15. Assume that Lemma 3.17 holds. Suppose that 

(3.20) zi;^ G V^P and A(i(;i) = A(w) U {72, . . . 7s} . 

Then it is immediate from /\{w) C /S.{w^) and (2.12) that X^ is a codimension s — 1 sub- 
variety of X^i. By (3.16), we have tni C n^i. Lemma 3.17 implies Yi is also a codimension 
s — 1 subvariety of X^i. So to prove the proposition it remains to establish (3.20). The 
argument is by induction. 
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Set $1 = A{w). Given 2 < ^ < s, set $£ = A{w) U {72,73, • • • ,7^}- Fix £ < 5 and 
suppose that ^i = A{w) for some w € W^. (This inductive hypothesis holds for i = 1.) 
Let = ©0j,fc be the (Zi, Zu,)"bigraded decomposition of g given by (2.13). 

Claim. The root 7^+1 is a lowest 0o,o~weight. 

Given the claim, it follows from Lemma 2.42 that r.y^^-^w S W^ and A{r^^_^j^w) = $£+1. 
This will complete the induction and the proof of Proposition 3.15. 
To prove the claim, it suffices to show that 

(3.21) [Q^^^^,Q-a] = 

for any simple root a € A (30,0) • 

Remark 3.13 and 7^+1 = 7^ + /3 imply Qji_^_j = [g-y^, Qfs]. The Jacobi identity yields 

[07£+l'0-a] = [[07^,0/3], 5-a] = [[0-a,0/3], 07J + [ [07£> 0-a] > 0/?] • 

To see that [0_o,0/3] = 0, first note that /? + 7^ = 7^4-1 ^ ^e = A{w) implies that g^ does 
not preserve n^,. Li particular, /3 is not a root of go,o; so, a 7^ /3. Since both a and /3 are 
simple, —a + /3 cannot a root; therefore, [0_a,g^] = 0. Thus, 

[07<+n0-a] = [ [07< ' 0-a] ' 0/3] ■ 

Whence, [07,+i,0_q] / only if [g^^,g_a] / 0. As above, [g^^,0_„] = [[g^^_^,g_Q] , 0/3] ■ 
Continuing we see that 

(3.22) [g^^_^ J , 0_«] ^ only if [g^^^^ ^ , g_„] = [[g^^ , g_„] , g^] / 

for all 1 < A; < £. 

Since a is a simple root, either a{Z^) = or a{Zyj) = 1. If a{Z^) = 0, then [g^,g_c] C 
gi^a- It follows from (3.5.ii) that [[g-y,g_Q] , g^] = 0. Setting /c = 1 in (3.22) yields (3.21). If 
a{Zw) = 1, then [g^2,g_„] = [[g7,0-a],0/3] € gi,a- Again, (3.5.ii) implies [[g^2,g_Q,] , gp] = 
0, and setting A; = 2 in (3.22) yields (3.21). Having established (3.21), the claim follows. D 



Proof of Lemma 3.17. By definition Yi = N' ■ o, where N' = exp(n') and n' = n^'0(C+i?). 
From the definition (3.16) of Mi, we see that to prove the lemma it suffices to show that 

(3.23) expt(C + -B) -vo = (expCi(t)) • vq , VteC. 

Here vq € ^ spans the highest g-weight line (so that o = [vq] ) . 

Define f{t) = expi(C + B) ■ vq and g{t) = expCi(t) ■ vq. To establish (3.23), it suffices 
to show that 

(3.24) /W(0) = ^('^(O) 

for all A; > 0. This may be done with a straight-forward induction argument as follows. 
First note that 

/W(0) = {C + B)^-vo. 

Also 

,(^)(t) = 5:|(V)(^E|^wj.^^-H*)|> 
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SO that 



9 



fc— 1 



(0) = y2C^')Ck-j9^^H0). 



j=0 



It is an exercise for the reader to verify that (C + B)g^'''{0) = g''^^^'{0). 

To complete the induction: (i) verify that (3.24) holds for fc = 0, 1, and (ii) assume that 

(3.24) holds for k < n, and compute /("+^)(0) = {B + C)/(")(0) = {B + C)g^''^{0) = 
g("+i)(0). D 

3.4. Proof of Theorem 3.1 in the case that H2 fails. We will follow the strategy 
outlined in Section 3.1. Suppose that H2 fails for a pair 7 € A(gi^a) and e G A^Qi^a^i), see 
Definition 3.4. Then [18, Lemma 5.39] asserts that 

(3.25) Qe(^9'y C nl. 

By Lemma 2.41 there exists w' G W' such that A{w') U {7} = A{w). Fix 7^ C G 0_^ 
and Oy^EeQe- Set 

(3.26) a := {C + E) C Q and A := exp(a) C G. 



We will show that Y2 = AN^r • o is a nontrivial integral variety of the Schubert system. 

Because exp : g ^> G is a diffeomorphism from a neighborhood of G g to a neighborhood 
of Id G G, it follows that there exist connected neighborhoods Aq C A and A'o C N^' of 
Id that are embedded submanifolds in G. Let m : G x G —^ G denote the multiplication 
map. Then m* : g x g ^ g is given by m*(n,f) = u-\- v. In particular, the restriction 
m* : a x n^' ^ a © n^' is a bijection. It follows, shrinking ^0 and A^'o if necessary, that 
there is a neighborhood C/ C G of Id such that m : Aq x Nq ^ U is an isomorphism. 

Compute the Maurer-Cartan form ■!? on [/ C G as follows. Let gogi G U with go G Aq 
and gi G A^o- The isomorphism (j) : G —^ G defined by (j){g) = goddi preserves AN^/ 
and so induces an isomorphism 0* : a © n^' -^ Tg^g^^U. So any element of Tg^g^U may be 
expressed as (j)^^ with ^ G a © n^'. Given g G G, let Lg, Rg : G ^- G denote the left- and 
right-multiplication maps. Then <j) = Lg^ Rg^ . By definition 

(3.27a) ^(,/.4) = {L-g^gM^*0 = Ad^-i^. 

Therefore, ^\u takes values in AdAr^, (a © n^/) = AdAr^, (a) © AdAr^, (n^/). Since n^/ is an 
algebra, we have 

(3.27b) Ad7v„,(n^/) = n^/ . 

It remains to consider 

(3.27c) AdAr^,(o) = Adexp{n„,)(a) = (expoadn^,)(a). 

The algebra a is spanned by G+i?. By Remark 2.3, [x\.wi,G+E\ = [n„,',£']. Equations (2.15, 
3.6), and n^' © g-7 = ^w imply that [n^/ , E] C go- Moreover, the fact that e G A(gi^i_a) 
is a highest go.o-weight yields 

[Wu,' ,E] C f)£ © g([ , where \)e := [g^ , Q^e] and g+ := ©aeA+(0o)0a • 
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By Proposition 2.14, A{w') U {7} = A{w) = A(0i^<a). So, since 7 G A(gi^a) is a highest 
00,0-weight, we have [n^/, f)^ © Qq] C n^/. Therefore, 

(3.27d) (expoadn^,)(o) C a © (f)£©0([) © n^' . 

Now (3.27) yields i9„± = on U, and 'ff^^u '■ '^zU — > n^j is a hnear isomorphism for all z & U. 
Lemma 3.11 implies U ■ o C X is an integral manifold of the Schubert system. Equations 
(3.27) also imply that i?o,- vanishes on U. Similarly, (3.27) implies that '!?i,<a = l^'i'&n^), 
where fi : U ^- 0i,<a i^n^ is the nonzero, constant map defined by /i|n , = and /^(C) = E. 
By (3.25), /x takes values in T-L2. By Lemma 3.11(b), U ■ o C X is a nontrivial integral 
manifold of the Schubert system. 

Finally, to see that the Zariski closure 



(3.28) Y2 = U -o = AN^, ■ o 

is a variety of dimension \w\, it suffices to observe that A and A^^/ are algebraic. This 
is a consequence of the fact that both and n^/ are nilpotent. The nilpotency of n^/ 
is immediate from Remark 2.3. To see that a is nilpotent, note that [a, g±i] C go and 
ad„(go/) C go/-i; these relations imply that the adjoint action of a on g is nilpotent. This 
completes the proof of Theorem 3.1. 

3.5. The nontrivial Schubert integral Y2. Let I2 denote the nontrivial integral variety 
of the Schubert system B^ constructed in Section 3.4. By Corollary 2.9, the homology class 
[I2] is an integer multiple of the Schubert class ^^. In Section 4 we give an algebro-geometric 
description of Y2 and determine that homology multiple. The key tool is Lemma 3.36, which 
it is convenient to prove while the construction of Y2 is fresh. We obtain Proposition 3.31, 
which provides some coarse information about I2 j as a corollary of the lemma. 
Let 7 G A(gi^a), e G A(gi^a-i) and w,w' G W' be as in Section 3.4. Set 

/3 := 7-e G A(go,i) . 

Claim 3.29. Let 72 = 7 + /3. Then 72 is a root. 

Claim 3.30. Let w"^ = r-y^w G W. Then w'^ G W^ and A{w'^) = {72} U A{w). 

Proposition 3.31. Let X^2 denote the Schubert variety associated with w^ , see (2.12). 
Given i G C there exist varieties Y2{t) C X^2 of dimension \w'\ = dimX^^, — 1 such that 
y2(0) = X^' and 

Y2 = [JY2{t) C X^2. 

tec 

The proposition is proved below. 

Proof of Claim 3.29. By Remark 3.13, 72 is a root if and only if g^j = [0716/3] is nonzero. 
By (3.6.ii), the Jacobi identity and Remark 2.3, 

[07' 0/3] = [07 ' [01,a ' 0-e]] = [01,a, [07'0-e]] = [01,a , 0/3] • 

So 72 fails to be a root if and only if [gi^a i 0/?] = 0. If this is the case, then — /3 G A(go,_i) 
and Proposition 2.14 imply that 0_/3 stabilizes n^ = g_i_>_a. But this contradicts the 
fact that the Lie subalgebra of go stabilizing n^ is go,>Oi see Section 2.4. So 72 must be a 
root. D 
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Proof of Claim 3.30. It is immediate from 7 G A(0i^a) and /3 E A(0o,i) that 72 G A(0i^a+i)- 
So, by Lemma 2.42, to prove the claim, it suffices to show that 72 is a lowest go.o^weight. 
Equivalently, if a G A"'"(go,o) is a simple root, then [0^2,g_a] = 0. By Remark 3.13 and the 
Jacobi identity, we have 

(3.32) [072, 5-a] = [[fll'B/?] ' 0-q] = [[0-a,0/3] , 07] + [[B7'S-a] ' 0/?] ■ 

To see that [3_c,g^] is zero, note that Remark 3.13 and the Jacobi identity yield 

[0-a,0/3] = [fl-a, [07,0-e]] = [07: [0-a,0-e]] + [0-e , [07,0-a]] • 

The hypothesis that e is a highest 0o,o~weight implies [0_£,0_q,] = 0. The hypothesis that 
H2 fails for the pair 7,6 implies [qs , [0^,0_a]] = 0. Thus, [0-0,0/3] = 0. Therefore, 

[072,0-a] = [[07,0-q] , 0/?] = [07-a , [07,0-e]] 

(2) 

= [07 > [07-a,0-£]] + [0-e, [07:07-q]] ; 

above, the equality (1) is a consequence of Remark 3.13 and /3 = 7 — e, and the equality (2) 
is the Jacobi identity. If 7 — a is not a root, then the equation above and Remark 3.13 yield 
[0^2) 0-o] = 0- If 7 — a is a root, then 7 and 7 — a are both roots of 0i^a C 0i; so Remark 
2.3 and the equation above yield [072, 0-a] = [07 , [07-a,0-e]]- Finally, the hypothesis that 
H2 fails for the pair 7,6 yields [07-a,0-£] = 0. Whence [0^2,0-0] =0- ^ 

With E ^ Qir and C E 0_-y as in Section 3.4, set 

(3.33) /3 := 7-e and B := [E,C] E Q.p C 0o,-i • 

Let 

C\, := [B,C] E 0-^2 C 0-1. 
Set 

(3.34) C2(t) = tC-\t^C\, and b(t) = exp (it^S) . 
Define 

(3.35) M2 := exp(m2), where m2 := {Adb(j) (C2(t) + C) [icC, CSn^/}. 



Lemma 3.36. The nontrivial Schubert integral constructed in Section 3.4 is I2 = M2 ■ o. 

Proof of Proposition 3.31. Given t E C, let 

(3.37) m2(t) = Adb(t){C2(t) + CI C G n^,} 

and M2{t) = expm2(t). Set 



(3.38) Y2{t) = M2{t)-o. 



Then 5^2(0) = ^w', and Lemma 3.36 yields Y2 = Ujgc^2(0- D 

Proof of Lemma 3.36. Set E^ = [E,B] E Qe-p C 0i. By Remark 2.3, 

(3.39a) [C,a] = = [E,E^]. 

Since 0-2/3 = 0-3/3 = {0}, we also have 

(3.39b) [C,E^] = [E,C^] = [C^,E^] = 0. 
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I claim that 

(3.39c) [B,C^] = = [E^,B] 

as well. To see this, it is convenient to work in the universal enveloping algebra U{q). Let 
C = [B,C^] e g_^_2/3 C g_i. Then 

ECC^ (3^3) ^CE + B)C^, ''^ = '''^ CC^E + C^B + C and 

ECC^ (3.39a) ^^^^ (3.39b) ^^ ^ ^ (3J3) ^^ (^ ^ ^ ^) (S-fa) ^ <^^ ^ ^ ^"^ ^ ^ 

from which it follows that C' = 0. A similar argument yields [E*!,,!?] = 0, establishing 
(3.39c). 

for m2 in (3.35) may be rewritten as 

(3.40) ma = {C(t) + Adb(i)C | t G C , C e n^/} . 

Let c(t) = exp C(t). Similarly, define E(i) = tE + \t^E\, and e(t) = expE(t). 

Claim 3.41. The one-parameter subgroup of (3.26) is A = {c(t) b(i) e(t) | t € C}. 

Assume the claim holds. Using E(f) € gi, we have e(t) A'"^/ . o = e(t) A^^,/ e(t)^^ • o = N^,i ■ o. 
Similarly, since i? G go, we have 

AN^i-o = c{t)h{t) N^i ■ o = c{t)h{t)N^,h{t)-^ -o. 



The first equation of (3.39c) implies C(f) := Adi,(()C2(t) = tC + ^t^C\g. So the expression 



Now (3.35) and (3.40) yield AN^j, ■ o = M2 ■ o. Finally, (3.28) yields Lemma 3.36. 

It remains to prove Claim 3.41. Set f{t) = expt(C + E) and g{t) = c(t) b(t) e(t). Since 
A = exp{t(C + E) I t € C}, to prove the claim it suffices to show that f{t) = g{t) for all 
t £ C. Equivalently, /("^O) = ^^"^0) for ah n. Note that /(")(0) = {C + E^ . So, it 
remains to show that ^^"'•'(O) = (C + E)"^. 

Compute 

^ t^n ^n ^ t" C^ C^ , ^ ^ f" EJ Et 



so that 



n=0 "-^^ ^1^"^ 



j+k+2m=n •' ^ ' 



C7P1 C7P2 5™ ^91 £;^^2 



2'"6P2+'?2pi!B2!"i!qi!g2! 

j+fc+2m=nPi+3p2=j ^ ^ ^ ^ 

91+392='= 

For the computations that follow it is helpful to keep (3.39) in mind. The formulas 

EB^' = BP E + p BP-^ E^, , 

ECP = CPE + pCP~^ B + (P) C7P-2 c^ 

may be established by induction, and yield, after a tedious but straight-forward compu- 
tation, (C + £')5(")(0) = g("+i)(0). Liductively, this gives us ^("^(O) = (C + -E)"5(0) = 
(C + S)". D 
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Lemma 3.42. The one-parameter subgroup "B = {exptB \ t £ C} C G preserves the Schu- 
bert variety X^2 of Proposition 3.31. In particular, b(t) € "B, defined by (3.34), preserves 
X^2 for all t ^C 



Proof. Let 6 G !B. By definition (2.12), X^2 = N^2 ■ o. Since B € Qq, we have bNj^2 ■ a = 
bN^2b~^ ■ o. Since A^^„2 = exp(n^„2), we see that it suffices to show that Ad;, preserves 1x^2; 
equivalently, ad^ preserves n^2. Since B G g_^, this is equivalent to [3_^,n^2] C n„;2. Prom 
the definition (2.4) of n^2 and Remark 3.13, we see that ad^ preserves n^2 if and only if 
the following holds: 

If /x G A('w^) and ^u + /5 is a root, then /i + /3 G A(u'^). 

By Claim 3.30, A{w^) = {72} U A{w). If // = 72, then (3.39c) implies that ^ + /3 is 
not a root. So we may suppose that fj, G A{w). By Proposition 2.14, A{w) = A(gi^<a). 
Recall that /3 G A(0o,i), see (3.33). So, if /x G A(gi_<a) C A{w) and /i + /3 is a root, 
then fj, + 13 Q A{w). It remains to consider the case that fj, G A(0i^a)- If A* = 7, then 
/i + /3 = 72 G A{vu'^). So suppose that fi G A(0i^a)\{7}- We wish to see that IJ. -\- /3 
is not a root. Making use of Remarks 2.3 and 3.13 and the Jacobi identity, we have 
[0/^,0/3] = [0Ai, [07,0-e]] = [07, [0M,0-e]]- Since H2 fails for the pair 7,5, it must be the case 
that [g^,0_e] = 0. Thus [0^,0/3] = 0, and /i + /3 is not a root by Remark 3.13. D 

4. The Schubert integrals 

Let Y be one of the Schubert integrals Yi or I2 constructed in Sections 3.2 and 3.4. 
By Corollary 2.9, there exists an integer r > such that \Y] = r^y^, where ^y^ = [^w] is 
the homology class represented by the Schubert variety X^;. In this section, we will give 
algebro-geometric descriptions of the integrals Y, and use the descriptions to determine the 
homology multiple r, in the case that X is an irreducible, classical cominuscule variety. Por 
example, in many cases the integral Yi is the set of points in the Schubert variety X^i 
(of Proposition 3.15) satisfying a quadric condition. The main results of this section are 
Propositions 4.2, 4.5, 4.9, 4.13, 4.20. The key tools are Lemmas 3.17 and 3.36. 

We will see that if y = Yi, then r = 2; and if y = Y2, then r G {3, 4}. The integer r will 
be determined as follows. Let w* G W^ be the dual of w, see [18, Section 2.5]. Then ^^* is 
the Poincare dual of S,w By [12], the integer r is the number of points in the intersection 
Xy,* n Y, where X^,* is a general Schubert variety of type w* . 

4.1. Quadric hypersurfaces Q"^ C P'"+^. From [18, Theorem 6.1] and Theorem 3.1 we 
have the following. 

Proposition 4.1. Every Schubert class in an odd dimensional quadric Q^"~^ = Bn/Pi is 
Schubert flexible. The only Schubert rigid classes in an even dimensional quadric Q^""^ = 
Dn/Pi are the two represented by maximal linear linear spaces P"~i c Q^""^. They corre- 
spond to a = 0, J = {n — 1} and a = 0, J = {n}. 

4.1.1. Odd dimensional quadrics Q^'"^^ = Bn/Pi- Set ?n, = 2n — 1. Review the notation 
and definitions of Section 2.5.1, and recall that J = {j} C {2, . . . ,n} and a = 0, 1. There 
are three cases to consider, see [18, Section 6.1]. 

(A) If a = 0, then Hi fails for 7 = ai + • • • + Oj-i and /3 = Qj. By Remark 3.7, the 
condition H2 is trivial. 
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(B) If a = 1 and j < n, then Hi fails for 7 = ai + • • • + Oj + 2(aj+i + • • • a„) and f3 = a^ 
as long as j < n. The condition H2 is satisfied.' 

(C) If a = 1 and j = n, then Hi holds, but H2 fails for 7 = ai + • • • + a„ and e = 
ai H ha„_i. 

Proposition 4.2. (a.i) If j <n, then nontrivial Schubert integral Yi constructed for Case 
(A) in Section 3.2 is a cone Q CF^ over a conic with vertex PJ~^. 

(a.ii) If j = n, then there exist a Schubert variety X^^i = Q™ nP"+^ containing X^ = P"~i 
as a codimension two subvariety, and cones Q, R C P'^+2 q^^^ q conic and a cubic, such 
that the Schubert integral constructed for Case (A) in Section 3.2 is Yi = X^i riQOR. 

(b) There exist a Schubert variety X^i = g™ np2""j+2 containing X^ = Q'" np2"-J+i 
as a codimension one subvariety, and a cone Q C p2"-J+2 over a conic (with vertex 
]p2n-j-ij gy^ch that the Schubert integral constructed for Case (B) in Section 3.2 is 
Yx = X^i nQ. 

(c) There exists a Schubert variety X^2 = Q™ fl P"+2^ containing X^j = Q™ fl P"+^ as 
a codimension one subvariety, and a family of linearly degenerate cones R{t) C P"+2 
over cubics such that the Schubert integral constructed for Case (C) in Section 3.4 is 
Y2 = ^t&cX^2r\R{t). 

In Cases (a-c), [Yi] = 2^^. In Case (d), [1^2] = 4^^. 

Proof of Proposition 4-2(a.i). As noted in Section 2.5.1, 

X^ = P(ei,...,ej)=PJ-i. 

Following the notation of Section 3.3, set Ci = e^— e^_^| € 0--^ and B = e^,,.]^— e^_,_j G Q-p- 
Then C2 = [B,Ci] = e]^^ - e^+|+^ and Cg = [B,C2] = 0. Thus, the integer of (3.14) is 
s = 2. By (3.16), 

mi = {n=2^k{el-elX\) + t{e] - elX{) + lt\e]^, - elX\^') \ s,,tec] . 

With o = [1 : : • • • : 0] G Q™ C P'"+\ we have 

Ml • o = { [1 : S2 : • • • : Sj-i : t : ^t^ : : • • • : 0] € P^" | Sfe, t G C} . 
The Schubert variety of Proposition 3.15 is 

X^i = Q™nP(ei,...,ej+i)=PJ. 

Let Q C P-" be the quadric {0 = 2xiXj+i — (xj)^}. Then Lemma 3.17 yields Yi = Q. Thus 
[Yi] = 2^. U 

Proof of Proposition 4.2(a.ii). As above X^^, = P(ei, . . . , e„) = P"'"^ Set Ci = e^ - e^" 1 G 
g_^ and B = e^^^, - e^^^ G 5_^. Then C2 = [B,Ci] = e^+i - e^f, C3 = [5, C2] = 



^In [18, Section 6.1] we erroneously claimed that Hi also fails when j = n. As indicated by Case (c), it 
is H2 that fails when j — n. 
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fin+i - 4n and C4 = [B,C3] = 0. Thus, the integer of (3.14) is s = 3. By (3.16), 

Jv^n— 1 / 1 n+k\ I J./ 1 2?i \ I lj.2/ 1 2n+l\ 

"^1 = \Lfc=2 ■Sfc(efc - Sn+l) + H^n " e^+l) + 2* (e2n+l " e„+i ) 

+ ht^en+i-eL) \sk,t€C]. 

So 

Mi-o= {[1 :S2 : ••• : s^-i : t : ^i^ : : • • • : : -^t^ : ^t^] S P^" | Sfc,teC} . 

Set P"+2 = P(ei, . . . ,e„+i,e2n, e2n+i). The Schubert variety of Proposition 3.15 is X^^i = 
or n P"+2. Let Q = {2a;i2;2„,+i - (a;„)2 = 0} C P"+2 and i? = {^[x^fx^n + (xn)^ = 0} C 
pn+2_ Then Lemma 3.17 yields Y\ = X^i (IQ Ci R. Intersecting Yi with a general Schubert 
variety representing the Poincare dual of ^^, we find [Yi] = 2^^. D 

Proof of Proposition 4-2(h). Define p2n.-j+i _ p(ei, . . . , e„+i, e„+j+i, . . . , e2n+i)- As noted 
in Section 2.5.1, X^ = Q™ n p2"-J+i. 

Set Ci = e^+j+i - e;^+i and 5 = e"+^+^ - e^^^. Then C2 = [-B, Ci] = e^+j - e^^^ and 
C3 = [B, C2] = 0. So the integer of (3.14) is s = 2, and (3.16) yields 

+ t(ei+j+i - elX\) + i*^(ei+j - e;^+i) I Sk,s'i,te c| . 
So 

Ml -a = {[1 : S2 : • • • : s„ : r : : • • • : it^ . t : s^+2 : ' ' ' : 4n+i] e P^" 

I Sfc,4>* e c} , 

with T defined by = 2r + (s'^+if + t^Sj + 2iSj+i + 2 X;Lj+2 ^fc^- define p2n-j+2 ^ 
P(ei, . . . , Cn+i, Cn+j, . . . , e2n+i)- The Schubert variety of Proposition 3.15 is X^i = Q™ n 
p2n-j+2_ LetQ = {2xia;„+j-(x„+j+i)2 = 0} c p2"-J+2. Lemma 3.17 yields Fi =X^inQ. 
Intersecting Yi with a general Schubert variety representing the Poincare dual of ^^, we 
find [Yi] = 2e^. D 

Proof of Proposition 4-2(c). We have 

n- = {EL2^/i-(4-0 + i(eL+i-4"+V) I ^fc,i€C} . 



Define P"+i = P(ei, . . . , e„+i, e2n+i). Then X^ = exp(n^) • o = Q"* n P'^+i. 

Following Section 3.5, set C = e\^j^^ - e^"+^ € 0_^ and S = e" - 63^^ G g^. Then 
S = [E, C] = 62^"*"^ - e2„+i and C[, = \B, C] = el^ - e^+p Whence, the Schubert variety of 
Proposition 3.31 is X^2 = g'"nP"+2, where P'"+2 = (ei, . . . , e^+i, e2n, e2„+i). Additionally, 
C2(t) = t(eL+i - ellf) - It^el, - e^^^) and b(t) = exp It^iel^^^ - e^„+i)- Thus 

(4.3) exp (C2(t) + n^O • (1, 0, . . . , 0) = (l, S2, . . . , Sn, \t^Sn - ^t^ 0, . . . , 0, -it^ t) 
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Fix t G C. Define ea{t) = b(t) -Ca for all 1 < a < 2n + l. Then ea{t) = e^, if a 7^ n, 2n + l, 
otherwise en(t) = e^ - |i^e2„+i - |t'^e2„ and e2n+i{t) = e2n+i + ^i^e2n- Note that h{t) pre- 
serves P"-+2 = P(ei, . . . , e„+i, e2n, e2n+i), and therefore preserves X^2 = Q™ n P"+2 (as as- 
serted by Lemma 3.42). Let [xi : . . . : Xn+i '■ X2n '■ X2n+i] denote the linear homogeneous co- 
ordinates on P"+2 associated with the basis {ei(t), . . . , e„+i(t), e2nit), e2n+i{t)}, and define 
a linearly degenerate cubic R{t) = {0 = txi — X2n+i} n {0 = 3(xi)^3;2n + {x2n+i)^} C P"+2. 
From (3.38) and (4.3), we see tha t Y2it) = Q^ n R{t) = X^2 D i?(t). It now follows from 
Lemma 3.36 that Y2 = Utgc^2(i)- One may check that 12(00) := lim.^^^^^Y2{t) is the line 
spanned by e2n- Intersecting with a general Schubert variety representing the Poincare dual 
of Crn yields [Y2] = 4^^. D 

4.1.2. Even dimensional quadrics Q^"'"^ = Dn/Pi- Set m = 2n — 2. Let ^^ be a Schubert 
class on Q"^, with associated pair (a, J); see Section 2.5.2. In [18, Section 6.2], we showed 
that Hi is satisfied if and only if a = and J = {j} C {n — l,n}. In particular. Hi fails 
when 

(A) a = and J = {j} C {1, . . . ,n — 2}, for the pair 7 = ai -|- • • • -|- aj_i and /3 = ay, 

(B) a = and J = {n — 1, n}, for the pair 7 = ai + • • • + a„_2 and /3 = On-i (or /3 = a„); 

(C) a = 1 and J = { j } C {1, . . . , n — 2}, for the pair 7 = ai -|- • • • -|- ckj -|- 2(aj+i + •••-!- 
an-2) + ctn-i + Oin and /3 = Oj ; 

(D) a = 1 and J = {n — l,n}, for the pairs 7 = ai + ■ ■ ■ + a„_i and /3 = a„, and 
7 = ai -I- • • • -I- an-2 + ct-n and /3 = a„_i. 

Lemma 4.4. The condition H2 holds for all w € W' . 

Lemma 4.4 is proved at the end of the section. 

Proposition 4.5. The nontrivial Schubert integrals constructed in Section 3.2 satisfy \Yi] = 
2^w Moreover, 
(i) in Cases (A) and (B), X^, = PJ~^ and Yi = Q C P^ = X^i is a cone over a conic 
with vertex ¥^~'^ ; and 

(ii) in Cases (C) and (D), X^i = Q™ n p2"-J+i contains X^„ = Q"" n P^^-J as a divisor 
and there exists a cone Q C p2"~J+i over a conic, with vertex p2"-j-2^ such that 
Yi = X^inQ. 

Proof of Proposition 4-5(i). In Case (B) we may take either /3 = an~i or (3 = an- The two 
cases are symmetric; without loss of generality we will prove the proposition for /3 = an-i- 
Then Cases (A) and (B) may be uniformly expressed as: the condition Hi fails for 7 = 
ai -I- • • • -I- Qj_i and /3 = Oj with 2 < j < n — 1. We have n^ = {Yjk=2 ^k{e\ — e"^i) + 
t{e] - e"+i) \sk,te C}. Set PJ~^ = P(ei, . . . ,ej). Then, (2.12) yields X^ = exp(n^) • = 

Q™npj-i. 

Following Section 3.3, we set Ci = ej — e^y[ € Q--^ and B = ej_,_i — e^_,_j G 0_^. Then 
C2 = [B,Ci] = e]+i - el^^^^ and C3 = [B,C2\ = 0. In particular, the integer of (3.14) 
is s = 2. Equation (3.16) yields mi = {Ets ^^(4 " ^li) + M " C^X) + ¥H<^]+i " 
e^_l_i ) \ Sk,t ^ C}. Therefore, 

Ml -a = {[1 : S2 : • • • : Sj-i : t : ^t^ : : • • • : 0] | Sfc, t € C} C P^"~^ . 
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Set PJ = P(ei, . . . , Cj+i). The Schubert variety of Proposition 3.15 is X^i = P^. Let 
Q = {22;iXj+i - (xj)^ = 0} C PJ. Lemma 3.17 yields Yi = Q. 

Intersecting Yi with a general Schubert variety representing the Poincare dual of ^^ yields 

[Yi] = 2e„,. D 

Proof of Proposition 4-5(ii). In Case (C) we may take either /3 = a„_i or /? = a„. The two 
cases are symmetric; without loss of generality we will prove the proposition for /3 = a„,_i. 
To that end, set 2 < j < n — 2 for Case (C), and j = n — 1 for Case (D). Then n^u = 

{Efc=2 Sk{el - e;j+^) + E"=j+2 4(en+^ " ^l+i) + *(en+j+i - e^+l) I Sfc,4,i G C}, and 
(2.12) yields X^ = Q"^ n p2"-J, where p2"-J = P(ei, . . . , e„+i, e„+j+i, . . . , e2„). ^ 

Following Section 3.3, we set Ci = el^_^_._^_l — e^_,^^ € 0-^ and B = en+\ ~ ^\+i ^ 0-/3- 
Then C2 = [5, Ci] = e^^+j - e^^^ and C3 = [B, C2] = 0. Thus, the integer of (3.14) is s = 2. 
By (3.16), we have mi = {Y2=2 Sk{el - e^+t) + E"=j+2 4(en+^ - 4+i) + *(en+j+i - 
e^tl) + ht'i^+i - 4+1) I Sk,s',,t G C}. Whence 

Mi-o = {[l:s2:---:s„, :r:0:---:0:it2.t:s^+2:---:Sn] I Sfc,4,ieC} , 
where r is given by = 2r+t^Sj+2iSj+i+2^"^j_,_2 s^s^. SetP^"~J+^ = P(ei,. . . ,e„+i,e„+j, . . . ,e2n)- 
The Schubert variety of Proposition 3.15 is X^i = Q™ n p2"-J+i. Define Q = {2xiXn+i - 
{xn+i+if = 0} C p2"-J+i. Then Lemma 3.17 yields Yi = X^i n Q. 

Intersecting Yi with a general Schubert variety representing the Poincare dual of ^^ yields 
[Yi] =2i^. U 

Proof of Lemma 4-4- By Section 2.5.2, a G {0, 1}. By Remark 3.7, H2 holds trivially when 
a = 0. So suppose that a = 1. By Section 2.5.2, there are two cases to consider J = {j} C 
{2, . . . , n — 2} and J = {n — 1, n}. 

If J = {j}, then 01^1 is an irreducible 0o,o~™odule with highest weight 7 = ai + ■ ■ ■ + 
Oj + 2(aj_j_i + • • • + an-2) + ctn-i + an- Similarly, gi^o is an irreducible 0o,o~module with 
highest weight e = ai + • • • + aj„i. Note that 7' = ai + • • • + a„ G A(0i_i). Since both 
7 — e and 7' — e are roots, (3.6.ii) fails. Thus, H2 holds. 

If J = {n — 1, n}, then gi^i = g^^ © q^^ and both 

71 = ai -\ + a„_i and 72 = ai + ■ ■ • + an-2 + "n 

are highest go.o^weights. The 0o,o^niodule 0i,o is irreducible with highest weight e = ai + 
• • • + an-2- Since both 71 — e = a^-i and 72 — e = On are roots, (3.6.ii) fails. Thus, H2 
holds. D 

4.2. Grassmannians. We assume the notations and conventions of Sections 2.6 and 2.7 
throughout this section. Prom Theorem 3.1 and [18, Theorem 6.1(a)], we obtain 

Theorem 4.6. Let w 7^ l,u)o he an element of the Basse diagram of Gr(i,n + 1) with 
corresponding data (a, J). Then the Schubert system B^ is rigid if and only if 

(4.7) 1 < j^-jf+i and 1 < k^+i - k^ 

holds for the following index ranges: 

o if p = a, then 1 < m < a; and i/ p = a + 1, then < m < a; 

o if q = a, then 1 < i < a; and if q = a + 1, then < £ < a. 
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Remark (Partition formulation). Let A = pP ■ ■ ■ n^ be the partition associated with w by 
Lemma 2.25. Then J£ — j^+i is the length of the block /x , and k^+i — k^ is the length of 
the gap between the blocks /i^ and /i^"*"^, when £ + m = a + 1. 

Lemma 4.8. The condition H2 holds for all Schubert varieties in the Grassmannian. 

Proof. By Remark 3.7, the condition H2 is satisfied if a = 0. So suppose that a > 0. Any 
highest 0o,o~weight e € A(gi^i_a) is of the form 

e = ttjf+i H h ak,„-i 

for < l,m with i + m = a + 1. Set 

71 = "jf+i+i H \- "k,„-i , 

72 = aj,+i + • • • + "k^+i-i • 

Then 71,72 G A(gi^a) are highest go,o~weights, and both 71 — e = ajj,^^+i + • • • + a^^ and 
72 — e = Okm + • • ■ + Ok^+i-i are roots. So (3.6.ii) fails, implying that H2 holds. D 

Suppose that the Schubert system Bw is flexible. By Theorem 4.6, either 1 = j^ — J£+i, 
for some i, or 1 = km+i — k^, for some m. Let Yi be a nontrivial integral constructed in 
Section 3.2. In order to determine the integer r > such that [Yi] = r^^, it suffices to 
consider the case that 1 = ji — ji+i, for the case that 1 = k^+i — k^ follows from the duality 
(j) : Gr(i,n + 1) -^ Gr(n + 1 - i,n + 1) mapping E C C^+i to Ann(^) C Hom(C"+\C). 
To see this it suffices to observe that the map sends a Schubert variety X^j with description 
a{w) = a and J{w) = {jp, . . . , ji,ki, . . . ,kq} to the Schubert variety (p{Xw) = X^i with 
description a{w') = a and 3{w') = {jq, . . . , j'i,k'^, • • • ,kp}, where Jm = ('^ + 1) ~ ^m and 
k^ = (n + 1) — J£. (See [18, Section 3.5].) Moreover, Yi C Gr(i,n + 1) is an integral of B^ 
if and only if (p{Yi) C Gr(n + 1 — i, n + 1) is an integral of 0^/. 

Proposition 4.9. Fix w € VF''\{l,ii;o}- Let A = (Ai,...,Ai) be the partition associated 
with w by Lemma 2.25, and let F' be the full flag of (2.20). Suppose that 1 = ji — 3i+i for 
some a + 1 — q<-^<a. Set i = J£. The partition A^ associated with the Schubert variety 
X^i of Proposition 3.15 is given ^y A-^ = Aj + 1, and A^ = Ag, for all s ^\. Moreover, there 
exists a cone Q C F^^^^ over a conic (with vertex F^'~'^) such that the nontrivial integral 
constructed in Section 3.2 is 

(4.10) Yi = {£; G X^i I 3 C e Gr(j, E) s.t. C C Q} . 

In particular, [Yi] = 2^^,. 

Remark. I. Coskun [8] has observed that if Q is replaced with a cone over a curve of degree 
d, then the resulting variety (4.10) is irreducible and homologous to d^yj. 

Proof. Set k = kg+i-^. The matrix representing n^ is of the form 

/ : : \ 



n„, = 



4 ^^' 
^^^\ 

: 
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aj + ' 



H-ak-i and /? 



The condition Hi fails for 7 
are spanned by C := e|^ and B := —e^^^^^. We have C2 = 
the integer of (3.14) is s = 2. Setting t = s|, (3.16) yields 

/ 



ttk- The corresponding root spaces 
= e^^^_^_l and C3 = 0. In particular, 



mi 



\ 



1+2 



*k+l 







V 



/ 



fH 



Let Q be the rank three quadric in (ei, . . . , ej, ei+i, . . . , Ck+i) = (F^, e^+i) = F'^J+^ 
given by (xk)^ — 2xjXk+i = 0. Proposition 3.15 and Lemma 3.17 yield (4.10). 

By intersecting Yi with a general Schubert variety representing the Poincare dual, we see 
that [Yi] = 2Cw □ 

4.3. Lagrangian grassmannians. We assume the notations and conventions of Sections 
2.8 and 2.9 throughout this section. Theorem 3.1 and [18, Theorem 6.1(c)] yield 

Theorem 4.11. Let w ^ l,wo be an element of the Hasse diagram o/LG(n,2n) with 
corresponding data (a, J). Set ao = a + 1 — p G {0, 1}. The Schubert system Bw is rigid if 
and only if 1 < ji — je+i for all sq < i < a. 

Remark (Partition formulation) . Alternatively, if X = fi'^ ■■■ fjP is the partition associated 
with w (cf. Lemma 2.31), then the Schubert system is rigid if and only if the length ji — ji+i 
of the block fi^ is greater than 1 for all ag < £ < a. 

Lemma 4.12. In the Lagrangian grassmannian the condition Hi holds for a Schubert va- 
riety characterized (a, J) if and only iflKji — j^+i for all sq < i < a such that a ^ 2i — l. 
The condition H2 holds if and only if 1 < ji — ji+i when a = 2i — 1. 

The lemma is proved in [18, Section 6.3]. Proposition 4.13 describes the nontrivial integrals 
constructed in Sections 3.2 and 3.4. 

Proposition 4.13. Fix w G W'^\{1,wq}. Let A = (Ai, . . . , A„) be the partition associated 

with w by Lemma 2.31, and let F' be the full flag of (2.28). 
(a) Suppose Hi fails because 1 = j^ — J£+i for some i with ao < ^ < a and a 7^ 2£, 2^ — 1. 
Set] = 2e cLnd k = 2a+i~i- The partition A^ associated with the Schubert variety X^i 
of Proposition 3.15 is given by Xj = Aj + 1, ifi=], k; otherwise Xj = Aj. There exists 
a cone Q C F '~^^ over a conic (with vertex F ''~'^) such that the nontrivial integral 
constructed in Section 3.2 is 



(4.14a) Yi = {E gX^i \3Ce Gr(j, E) s.t. C C Q} . 

In particular, [Yi] = 2S,w 
(b) Suppose Hi fails because 1 = je—2e+i with a = 2£ and ao < ^ < a. Set] = j^ 



2i+i 



+ 1. 



The partition X^ associated with the Schubert variety X^i of Proposition 3.15 is given 
by xj = Xi, for all i ^ ] — 1,], and A| = Aj + 1 = n + 2 and A|_^ = Aj_i + 2 = n + 1. 
There exist 
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(i) a cone Q C F"^^ over a conic (with vertex F"' ^), and 

(ii) a hyperplane H C ^"+2 (with dimH n i^"+^ = n), and a cone R C H over a 
cubic curve (with vertex F"~'^) 
such that the nontrivial integral constructed in Section 3.2 is 

(4.14b) Yi = {E G X^i I 3Ci,C2 G Gr(j - l,E) s.t. CiCQ, C2 C R} . 

Moreover, [Yi] = 2^^,. 

(c) Suppose H2 fails because 1 = ji — j^+i with 3 = 21 — 1. Set] := j^ = 2i+i + 1- The 
partition }? associated with the Schubert variety X^2 of Proposition 3.31 is given by 
A? = Aj + 1 = n + 1, otherwise A? = Aj. There exist a curve b(t) in StabX^2 C Dn and 
linearly degenerate cones R(t) C b(t) • F"+i over cubic curves (with common vertices 
-F"~^J such that the nontrivial integral constructed in Section 3.4 is 



(4.14c) Y2 



^ U^2(t) 

tec 

[>2] = 3e^. 



with Y2{t) = {E €X^2 \3Ct€ Gi{i,E) s.t. Q C R{t)} 



Moreover, 
The proof is interspersed with examples ihustrating the three cases of the proposition. 

Example 4.15 (Illustration of Proposition 4.13(a)). Consider the Schubert variety X^ C 
LG(5, 10) corresponding to a = 3 and J = {1,3,4}. The Z^^-degrees of the root vectors in 
0_i are represented by the matrix 



" 6 


5 5 


4 


3 " 


5 
5 


4 4 
4 4 


3 
3 


2 
2 


4 


3 3 


2 


1 


3 


2 2 


1 






So we identify riu, C 3. 



1 with the subspace 
/ 



V 












„9 
olO 



/ 



with s 



j+5 



J+5 



Set F2 = (ei,eio), F^ = (F^, 62, eg, eg) and F^ = (F^, 64,67, eg). Then 



X^ = {E e LG(5, 10) I dim(F n F^) > 1 , dim(F n F^) > 3 , dim(F n F^) > 4} . 

The condition Hi fails for 7 = 02 + as + 204 + as and f3 = ai. Set C = Ci = 6g + 67 and 
B = Cq — 62- Then C2 = 6g + 6g and C3 = 0. In particular, the integer of (3.14) is s = 2, 



and (3.16) yields 



/ 



mi 







2^ 









t 
„io 

*2 








9 



2^ 
t 



,10 



\ 



olO 
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The Schubert variety X^^i of Proposition 3.15 is 

X.^i = {E e LG(5, 10) I dim(^ n F^) > 3} . 

Let Q C (F^jCq) denote the rank three quadric defined by {(xy)^ — 2x4Xq = 0}. Lemma 
3.17 yields 

Yi = {E eX^i I 3 C e Gr(4, E) s.t. C C Q} . 
Intersecting Yi with a general Schubert variety representing the Poincare dual ^j^ yields 

[Y] = 2e». 

Proof of Proposition ^. 13(a). There are two cases to consider. 

Case 1: i + 1 < m. Set k := j^ < J£ =: j. Note that k < j^^^i = j^ — 1. The condition 
Hi fails for 7 = ctk+i + • • • + Oj-i + 2(aj + • • • + n — 1) + a„ and /3 = a^. The matrix 
representation of W-w is 



/ 



\ 







„n+k 
n+k+1 n+k+1 



J 








„"+J 

*k+l 
'k+1 



„"+J 



■'j+l 



^j + 1 



«+j + l 'n+j + 1 



V 



/ 



Set C, = e:;+| + <^,^, and S = 6:^:^+1 - e^^,. Then C^ = [B, C^] = <^, + ej^+j and 
C3 = 0. Whence, the integer of (3.14) is s = 2. Setting t = sj^^^j, (3.16) yields 



/ 



mi = 


























2*- 


„"+k 
^j + 1 











i 


„n+k+l 




















2^ 


t 









\ 



n+j+1 



n+j+1 
'k+1 



*j+l 



V : : : : / 

By (2.26a), 

^Aj+i ^ (F£,e„+k) = (ei,...,ej, e„+k,---,e2„). 

Let Q = {2j;jj;n+k — (a^n+k+i)^ = 0} C F J^^. It follows from Proposition 3.15 and Lemma 
3.17 that Yi is given by (4.14a). 
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Intersecting Yi with a general Schubert variety representing the Poincare dual ^^ yields 
[Y] = 2^^. 

Case 2: m < i. Set ] '■= je < jm ='■ k. Then Hi fails for 7 = aj + • • • + Ok + 2(ai<+i + • • • + 
a„_i) + a„ and /? = a|<. In this case 



/ 



\ 



„n+k+l „n+k+l 












„n+j 
*k+l 


n+j+1 
k 


n+i+1 
■^k+l 


„n+k 
*k 


„n+k 
*k+l 



„n+k+l „n+k+l 
'k *k+l 



\ 



/ 



Set C = C, = ei^.^i + eJ^XI and B = 6:^+^+1 - e^+,. Then C^ = [B, C, 
and C3 = 0. In particular, the integer of (3.14) is s = 2 and (3.16) yields 



] = <+k + e! 



"n+i 



( 



mi 



\ 



„n+k 
*j+l 

hk+1 



^j+1 



2'' 



„n+k 



„n+k+l 





t 

„"+j+l 

^k+1 



„n+k 
*k+l 

„n+k+l 
k+1 



V 



/ 



Recall the definition (2.26a) of F^, and let Q C (F^,e„+k) = F^'^^^ be the quadric defined 
by 2j;jXn+k — (a^n+k+i)^ = 0. It follows from Proposition 3.15 and Lemma 3.17 that the 
integral Yi is given by (4.14a). 

Intersecting Y\ with a general Schubert variety representing the Poincare dual (^ yields 

[Yi] = 2^^. D 

Example 4.16 (Illustration of Proposition 4.13(b)). Consider the Schubert variety X^ C 
LG(4, 8) corresponding to a = 2 and J = {2, 3}. The Z^-degrees of the root vectors in g^i 
are represented by the matrix 



" 4 4 
4 4 


3 
3 


2 ■ 
2 


3 3 


2 


1 


2 2 


1 
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So we identify n^ C Q-i with the subspace 





\4 4 

(61,62,68) and F^ 



( ' 







4\ 

I 



with s!+^ = sf+^ Set F^ 



53 ^4 

(^3,63,67). Then 



X^ = {E (^ LG(4, 8) I dim(E n F^) > 2 , dim(F n F^) > 3} 



The condition Hi fails for 7 = 2a3 + 04 and /3 = a2- Set Ci 



C2 = [i?,Ci] 

yields 



67 and i? 



62- Then 



el + 6f , C3 = el and C4 = 0. Thus, the integer of (3.14) is s = 3, and (3.16) 



mi 



/ 



V 4 







\ 



1+2 



S4 



/ 



Set F^ = (61, 68), F^ = (F^, 66, 67) and F^ = (F^, 63). The Schubert variety of Proposition 
3.15 is 

X^i = {E £ LG(4, 8) I dim(F n F^) > 1 , dim(F n F^) > 3} . 
Let Q C F^ be the rank three quadric {{xj)'^ — 2x^xq = 0}, and let i? C F^ be the cubic 
{x2{Qxq)'^ — (2x7)^ = 0}. Lemma 3.17 yields 

Yi = {EeX^i I 3Ci,C2GGr(2,F)s.t. CiCQ, C2 C R} . 
Intersecting Yi with a general Schubert variety representing the Poincare dual S,^ yields 

[Y] = 2e». 

Proof of Proposition 4-i3(b). Here we have 

/ : : \ 





„"+J 



n+j+l ^n+j+1 
Sj-1 Sj 



n+J-1 

*j+l 
"+j+l 



V 



/ 



The condition Hi fails for 7 = 2(qj + • • • + On-i) + On and /3 = aj„i. Set C = Ci = e| 



and B 



"n+j+l 



d-\ Then C2 = [B,C,] = ^^^., + (^-' C3 = [B,Q 



C4 = 0. Thus, the integer of (3.14) is s = 3, and (3.16) yields 



26J-^ 

^^n+j-l 



n+J 

and 



mi = 





3'' 

2*- 



fj+l 





2'' 
t 

gn+j+l 



„"+J-l 
„"+J 

*j + l 
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With F, and F' as defined in (2.26a) and (2.28), we have 

F"+2 = (F^,e„+j_i) = (ei,...ej , en+j-i, 
Define 

H = (F£_|_i,e„+j_i,e„+j) = (ei, . . . ,ej_i , e^+j-i, . . . , e2n) 

?n+2 



,e2ri 



(F",e 



) Kn+j — 1 



Let Q C F"+^ be the quadric hypersurface 2xjXn+j-i — (x^+j) = 0, and let R C H be the 
cubic hypersurface a;j_i(3x,i4.j_i)^ — (2a;„+j)^ = 0. Then Proposition 3.15 and Lemma 3.17 
yield (4.14b). 

Intersecting Yi with a general Schubert variety representing the Poincare dual ^^ yields 

[Yi] = 2e^. D 

Example 4.17 (Illustration of Proposition 4.13(c)). Consider the Schubert variety X^ C 
LG(5, 10) corresponding to a = 3 and J = {1,2,4}. The Z^y-degrees of the root vectors in 
0_i are represented by the matrix 



" 6 


5 


4 4 


3 " 


5 


4 


3 3 


2 


4 
4 


3 
3 


2 2 
2 2 


1 

1 


3 


2 


1 1 






So we identify n^, C 0_i with the subspace 

/ 



V 







4 \ 






4 





4 


10 

1 


4° 



,10 



,10 



,10 



with s*+^ = s{^^. Set F^ = (ei,eio), F^ = (F^, 62, es, eg) and F^ = (F^, 63,64, 67). Then 



Xn, 



{E G LG(5, 10) I dim(F n F^) > 1 , dim(F n F^) > 2 , dim(F n F^) > 4} . 



The condition H2 fails for 7 
C = 6^ + e| and F = -e| 
13 = 02-) We have C2(t) = t{e^ + ej) 



02 + 2(03 + 04) + 05 and e = 2(03 + 04) + 05. Set 



63. Then B 



[E,C] 



2+3„2 



63 and C\, 



[B,C] 

t^e^ and b(t) = expii^(6f - e| 
10 



26f. (Here 
Fix t G C, 



+ 2* 67. With respect to this basis, the 



and define 6j(t) := h{t)ej. Then {ej{t)]jL^ is a basis of C . Explicitly, ej{t) = Cj, for all 

j / 2,8; while 62(i) = 62 — ^^^63 and es{t) 
subset Tn2(t) C m2 of (3.37) is expressed as 

/ 



m2(t) = 



V 















_2^3 


t 





t 


4 





„9 
^2 


4 


10 

1 


„10 
^2 


40 



,10 



,10 



By Lemma 3.42, the Schubert variety of Proposition 3.31 is 



X^2 



{E G LG(5, 10) I dim(F n F^) > 1 , dim(F n F*) > 4} 
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Set F*5(t) = b(t) • (61,62,67,68,69,610) = (ei,62(t), 67, 68, 69,610), and let [xi : X2 ■ xj : 
X8 : xg : xio] be the linear homogeneous coordinates on F^{t) associated with the basis 
{ej{t)}. Let R{t) C F^{t) be the linearly degenerate cubic defined by {0 = tx2 — xq = 
2(x8)^ + 3(x2)2x7}. Then (3.38) yields 



Y2{t) = {EeX^2\3Ct^ Gr{2,E) s.t. Q C R{t)} . 

By Proposition 3.31, Y2 = Uigci^2(i)- 

Remark. Prom (3.38), and the expression for m2(t) above, we see that 12(00) := lini^t\->-oo Y2{t) 
is the set of all planes E G LG(n, 2n) such that (67) C E C (61, 63, . . . , 610), dim(£' n 
(61,67,610)) > 2, dim(£;n (61, 63, 67,..., 610)) > 3 and dim(£' n (61, 63, 64, 67, . . . , 610)) > 4. 

Intersecting Y2 with a general Schubert variety representing the Poincare dual S,^ yields 
[Y2] = 3C^. 



Proof of Proposition 4-i3(c). In this case, H2 fails for 7 = Oj + 2(aj+i + 
and e = 2(aj+i H h a„_i) + an- 

/::■.: \ 



+ "n-l) + "r; 



n„ = 












„"+J-l 










*j+2 







^«+j+l 
*j+l 


n+j+1 
'^J+2 



n+i+2 ^n+j+2 n+j+2 



"j-1 



J 



"j+l 



n+j+2 
*j+2 



V 



/ 



Set C = 

a = [B,C] 



ei+j+i + ejjj and E 



n+j+l 



Then B 



2d 



n+j' 



j+i . ...... ^ -^[E,C] 

From (3.34), we have C2(i) = t{€^n+i+i + ^r 



n+j+l 



n+j 
n+j/ 3'' ^n+j 



ej_|_-^ and 



and 



b(t) = exp ii^^. Define 6a(t) := b(t) • 6^. With respect to the basis {6a(t)}a"i of C^", the 
set m2(t) of (3.35) is represented by the matrix 

/ 



m2(f) 





2 .3 



--t' 



*j+2 
*j+2 



^"+j+l ^"+J+1 



S: 



n+i+2 ri+j+2 

j-1 *j 



'^j+l 
^n+J+2 



■'j+2 

„«+J+2 

*j+2 



Y : : : : ; 

By Lemma 3.42, b(t) stabilizes X^2. Consequently, the Schubert variety of Proposition 
3.31 is 

X^2 = {E e LG(n, 2n) | dim(^ n F^) > ji V i 7^ ^} . 

Fix t G C. With F' as defined by (2.28), let F'{t) = b(i) • F' . Then 






F 
F 



n-2 



n+2 



\ei,. 

(ei,' 



Cj-i , e„+j+2. 



'^j 



,e2n) 



I ^j+1 ) ^n+j) ■ ■ ■ ) C2n/ 



are constant. We have 




i^"(t) = (ei,.. 


• 5 Cj_l , Cj 


F"+i(t) = (ei,.. 


.,ej_i, Cj 
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1+2 I 1+2 \ 

2^ Cj+i , e„+j+i + 2^ Cn+j , en+j+2) • • • ) e2n/ ; 

1+2 \ 

gt Cj+i , e„+j , e^+j+l , en+j+2, ■ ■ ■ , ^2n) ■ 

Let X denote the hnear homogeneous coordinates on V^^^if) associated with the basis given 
by the {ej(i)}. Let R{i) C F"'"'"^(t) be the hnear ly degenerate cubic {j;„+j+i = ixj} n {0 = 
2(xn+j+i)^ + 33;„4.j(xj)^}. Then (3.38) yields the expression for ^2(0 in (4.14c). From 
Proposition 3.31 we obtain the expression for Y2 in (4.14c). 

Intersecting Y2 with a general Schubert variety representing the Poincare dual (^ yields 
[I2] = 3^^. D 

4.4. Spinor varieties. The notations and conventions of Sections 2.10 and 2.11 hold 
throughout this section. By Theorem 3.1 and [18, Theorem 6.1], we have 

Theorem 4.18. Let w G VFf\{l,tt;o} be an element of the Hasse diagram of Sn with 
corresponding data (a, J). The Schubert system B^ is rigid if and only if |J| < a + 1, 
1 < J£ - J£+i for alll<i <a + a„_i(Z^), and 2 < jr - jr+i when r > a„_i(Z.^,). 

In [18, Section 6.4], we saw that there are three cases in which the condition Hi may 
fail: 

(A) I = J£ — J£+i for some 1 < £ < a + a„,„i(Z^), with £ 7^ r when r > a„„i(Z^); 

(B) 2 = jr - jr+i, when r > a„_i(Z^); or 

(C) p = a + 2. 

Lemma 4.19. The condition H2 holds for all Schubert varieties in the Spinor variety Sn = 

Dn/Pn- 

The lemma is proved at the end of the section. Definition 3.4 and Lemma 4.19 implies that 
H_|_ fails if and only if Hi fails. Equivalently, one of Case (a), (b) or (c) is satisfied. 

Proposition 4.20. Suppose that Bw is flexible, w € VFf\{l,^«o}• Let A and A^ respectively 
be the partitions associated with X^ and X^i (cf. Proposition 3.15) by Lemma 2.39, and 
let F' be the full flag of Section 2.11. With the exceptions indicated below, \\ = Aj. 

(a) Suppose I = J£ — J£+i for some 1 < £ < a + On-iiZw), with I ^ x when r > a„_i(Z«,). 
Set } = 2i and k = jm, with i + m = a + l + an-i{Zu)). Then Xj = Aj + 1, if i = ], k. 

(b) Suppose 2 = jr — jr+i and r > a„_i(Z^). 

(i) If 3 + an~i{Zw) = 2r — 1, set j = jr ~ 1 and k = jr. Then \^ = Aj + 1 and 

\i = \w + 2. 
(ii) If a + an~i{Zw) = 2r, set ] = jr and k = jr+i. Then A| = A| + 1 i/z = j, k. 

(c) Suppose p = a + 2. Set ] = n and k = j p. Then Xj = \i + 1 if i = i,k. 

There exists a cone Q C F j^^ over a conic (with vertex F '~'^) such that the nontrivial 
integral constructed in Section 3.2 is 



(4.21) Yi = {EgX^i \3Ce Gr(j, E) s.t. C C Q} . 

In particular, [Yi] = 2^^ 



5UI- 
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Remark (Partition formulation). Recall (Section 2.11) that the length of the block /x is 
J£ — J£+i. Also, in Case (b.i), /i'' = (n — 1, n); and in Case (b.ii), /x'' = (n + 1, n + 2). 

The proof of Proposition 4.20 is very similar to the proofs of Propositions 4.9 and 4.13, so 
I will sketch it with less detail than given in Sections 4.2 and 4.3. 

Proof of Proposition 4-20 in Case (a). The argument breaks into two subcases: i < r and 
r < i. In the first case. Hi fails for 

7 = ak+i H + "j-i + 2(aj H + an-2) + On-i + «« and f3 = a^ ■ 

In the second case, Hi fails for 

7 = Oj + • • • + ak + 2(ak+i + • • • + an-2) + ttn-i + On. and /3 = ak • 

In both cases we have Ci = eJ„_,_k+i - e^\] and B = e^'^\^'^^ - e[^_^-^. Thus C2 = 
[B,Ci] = e'n+k ~ ^n+i ^^'^ ^3 ~ ^- ^^ particular, the integer of (3.14) is s = 2. Let 
Q C (ei,...,ej , Cn+k,--- ,e2„) = -F^J+^ be the quadric {0 = 2xjX„+k - {xn+k+if}- Then 
Proposition 3.15 and Lemma 3.17 imply that the nontrivial integral constructed in Section 
3.2 is (4.21). 

Intersecting Yi with a general Schubert variety representing the Poincare dual of ^^ yields 
[Yi] =2i^. U 

Proof of Proposition 4-20 in Case (b). The argument breaks into two subcases: a+a„_i(Z^„) 
2r and a + a„_i(Z^„) = 2r — 1. 

Subcase (i): a + a„_i(Z^) = 2r — 1. (Note that k = j + 1.) The condition Hi fails for the 
pair 

7 = ak-i + ak + 2(ak+i H \- an-2) + On-i + "n and /3 = Ok • 

Set Ci = ei^k+i-^nXl ^^d ^ = <Xl^'-^l+i- Then C^ = [5, Ci] = <^k-Cj ^nd C3 = 0. 
In particular, the integer of (3.14) is s = 2. Let Q C (ei, . . . , Cj , e„+k, . . . , e2n,) = F^'^^^ be 
the quadric {0 = 2x-^Xn+k — (a^n+k+i)^}- Then Proposition 3.15 and Lemma 3.17 imply that 
the nontrivial integral constructed in Section 3.2 is (4.21). 

Intersecting Yi with a general Schubert variety representing the Poincare dual of (,y, yields 
[Yi] = 2Cu,. 
Subcase (ii): a + a„_i(Z,u,) = 2r. (Note that j = k + 2.) The condition Hi fails for the pair 

7 = aj_i + 2(aj H h an-2) + On-i + On and (5 = a\^. 

Set Ci = <-^'j-<+j_i and B = elX^^-e^^,. Then C^ = [B, C,] = e^n+r^^^ ^"^^ ^3 = 0. 
In particular, the integer of (3.14) is s = 2. Let Q C (ei, . . . , ej , e„+k, . . . , e2n) = F'^J"^"'^ be 
the quadric {0 = 2xj_|_ia;„+j_i — (x^+j)^}- Then Proposition 3.15 and Lemma 3.17 imply 
that the nontrivial integral constructed in Section 3.2 is (4.21). 

Intersecting Yi with a general Schubert variety representing the Poincare dual of ^^ yields 
[Yi] =2i^. U 

Proof of Proposition 4-20 in Case (c). The condition Hi fails for the pair 

7 = Ok+i + • • • + an-2 + an and /3 = ak • 
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Set Ci = e^+,+1 - e^+i and B = e^^+l''' " <+i- Then C^ = e-+, - e^^ and C3 = 0. In 
particular, the integer of (3.14) is s = 2. Let Q C {Fo, Cn+w) = F^"+^ be the quadric {0 = 
2xnXn+k ~ (s^n+k+i)^}- Then Proposition 3.15 and Lemma 3.17 imply that the nontrivial 
integral constructed in Section 3.2 is (4.21). 

Intersecting Yi with a general Schubert variety representing the Poincare dual of £,yj yields 
[Yi] = 2^. U 

Proof of Lemma 4. 19. Let a and J be the integer and marking characterizing a Schubert 
variety in iS„. If a = 0, then 5i,a-i = {0} and H2 holds trivially. So suppose that a > 0. If 
n — 1 J, then a highest go,o~weight e € A(gi^a-i) is of the form 

(4.22) e = aj^+i + • • • + aj„ + 2(aj„+i H h an-2) + otn-x + "n , 

with ^ + 771 = a + 1. If n — 1 G J, then a highest go.o^weight e € A(0i^a-i) is either of the 
form (4.22), with £ + m = a + 2, or 

(4.23) e = aj3+i + • • • + a„_2 + «« • 
If £ is of the form (4.22) , then both 

7 = "jf+1+1 + • • • + Oj™ + 2(aj^+i H h an-2) + an-i + "n , 

7 = "jf+i + • • • + "jm+i + 2(aj„^-^+i H h a„_2) + a„_i + a„ , 

are highest go,o~weights in A(gi^a) with the property that 7 — e G A. In particular, (3.6.ii) 
cannot hold. If e is of the form (4.23), then both 

7 = «ja+i+i + • • • + an-2 + On and 7 = Oj^+i + ••• + «„ 

are highest go,o~'weights in A(gi_a) with the property that 7 — e G A. Again, (3.6.ii) cannot 
hold. ' ' D 

4.5. The exceptional cases. 

Theorem 4.24. Suppose that X is either the Cayley plane Eq/Pq or the Freudenthal variety 
Ej /Pf. The Schubert rigid classes S,w o,tc precisely those associated to the nodes in Figures 
1 and 2 that are circled twice. 

Proof. By [18, Theorem 6.1(e)], the twice circled nodes correspond to the Schubert varieties 
satisfying H+. By Theorem 3.1, the Schubert system is rigid if and only if H+ is satisfied. D 

Remark 4.25. I used [16] to verify that: 

(a) The condition H2 holds for ah u; G VFP\{1,'ujo}. 

(b) If Hi fails for w G W'^\{l,wo}, then the integer of (3.14) is s = 2. 

5. The Schur system 

Assume that X is irreducible. (See [18, Table 1].) If X is classical, then the w G W^ 
for which 3^ 7^ Ru, are identified in [18, Section 8]. (Similar computations yield the 
corresponding result in the exceptional cases; see Figures 1 and 2.) However the results 
were not clearly stated. That is unfortunate as it is interesting to know when the Schur 
and Schubert systems coincide. (It is also an interesting question from the perspective 
of representation theory to determine when R^ consists of a single orbit B^, see Remark 



42 ROBLES 

2.11(b).) In this section I will rectify this omission (see Theorems 5.1, 5.2 and 5.3, and 
Section 5.5). 

5.1. Grassmannian Gr(i,n + 1) = A^/P^. Assume the notation and conventions of 
Section 2.6. 

Theorem 5.1 ([18]). Fix w G VFP\{l,tt;o} with associated data (a, J). Then R^ 7^ B^ if 
and only if there exist j^,km G J satisfying one of the following: 

(a) £ + m = a + 1 and 1 = j<? - j^+i = k^+i - k^; or 

(b) £ + m = a + 2 and 1 = j^_i - j^ = km - km„i. 

Theorem 5.1 is proved in [18, Section 8.2]. 

Coskun has studied the rigidity and smoothability of Schubert classes on the Grassman- 
nian. Theorems 1.3 and 1.6 of [6] are as follows. 

Theorem (Coskun). (1) The Schubert class S^^j is flexible if and only if there exist J£,'km G 
J such that the conditions of Theorem 5.1(a) hold. 

(2) // there exists an index 1 < ^ < a such that either 1 < j^ — j^+i, or 1 < k^+i — k^, 
then the Schubert class ^^ does not admit a smooth algebraic representative. 

5.2. Quadric hypersurfaces Q^ C P"^+^. 

5.2.1. Odd dimensional quadrics Q^"~^ = Bn/Pi. Each A fl-i is an irreducible Qq = C (B 
bn_i-module. So Rw = Gv{\w\,Q-i). However, B^ = Gq ■ xxw ^ Gr(|it;|, g^i). Thus 

5.2.2. Even dimensional quadrics Q^"^^ = Dn/Pi. If \w\ = n — 1, then B^u = R^; see [18, 
Section 8.3]. 

Suppose that \w\ ^ n — 1. If n > 4, then, each /\ 0„i is an irreducible Qq = C ® fn-i- 
module. However, B^ = Go • n^, ^ Gr(|u'|,0_i). Thus B^ / Rw 

When n = 4, the semi-simple part of the reductive go is 03 = s^C and g_i = /\^C^. 
So Go acts transitively on Gr(l,g_i) implying B^ = R^ for {a{w), J{w)) = (0,{2}), which 
corresponds to X^, = F^. 

5.3. Lagrangian Grassmannians LG(n, 2n) = Cn/Pn- Assume the notations and 
conventions of Section 2.8. 

Theorem 5.2. Fix w S VF*'\{l,it;o} with associated data (a, J). Then R^ ^ B^ if and 
only if there exists ji^ jm G J satisfying one of the following: 

(a) e + m = a + l and 1 = j^ - ji+i = jm - jm+i, 

(b) £ + m = a + 2 and 1 = j^_i - je = jm-i - jm- 

The proof of Theorem 5.2 is given in [18, Section 8.4]. 
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5.4. Spinor varieties Sn = DnI Pn- Assume the notations and conventions of Section 
2.10. 

Theorem 5.3. Fix w G VFf\{l,tt;o} with associated data (a, J). Then R^ 7^ -B«; if and 
only if there exists ji, jm G J satisfying one of the following: 

(a) £ + m = a + l + a„_i(Z^) and l + 5im = U- U+i = jm - jm+i, or 

(b) £ + ?n = a + 2 + a„_i(Zu,) and l + 5im = U-i - U = jm-i - jm- 

Above, 6im is the Kronecker delta. The proof of Theorem 5.3 is given in [18, Section 8.4]. 

5.5. The exceptional cases. With the assistance of [16], the w € W^ satisfying R^ = B^j 
may also be identified. See Figures 1 and 2. 

References 

[1] Sara Billey and V. Lakshmibai. Singular loci of Schubert varieties, volume 182 of Progress in Mathe- 
matics. Birkhauser Boston Inc., Boston, MA, 2000. 
[2] Armand Borel. Kahlerian coset spaces of semisimple Lie groups. Proc. Nat. Acad. Sci. U. S. A., 40:1147- 

1151, 1954. 
[3] Armand Borel and Andre Haefliger. La classe d'homologie fondamentale d'un espace analytique. Bull. 

Soc. Math. France, 89:461-513, 1961. 
[4] R. L. Bryant. Rigidity and Quasi- Rigidity of Extremal Cycles m Hermitian Symmetric Spaces, volume 

153 of Annals of Mathematics Studies. Princeton University Press, 2010. arXiv:niatli/0006186. 
[5] Andreas Cap and Jan Slovak. Parabolic geometries. I, volume 154 of Mathematical Surveys and Mono- 
graphs. American Mathematical Society, Providence, RI, 2009. Background and general theory. 
[6] Izzet Coskun. Rigid and non-smoothable Schubert classes. J. Differential Geom., 87(3):493-514, 2011. 
[7] Izzet Coskun. Rigidity of schubert classes in orthogonal grassmannians, 2011. In preparation. 
[8] Izzet Coskun, 2012. personal communication. 

[9] Robin Hartshorne, Elmer Rees, and Emery Thomas. Nonsmoothing of algebraic cycles on Grassmann 
varieties. Bull. Amer. Math. Soc, 80:847-851, 1974. 
[10] Jaehyun Hong. Rigidity of singular Schubert varieties in Gr(m,?i). J. Differential Geom., 71(l):l-22, 

2005. 
[11] Jaehyun Hong. Rigidity of smooth Schubert varieties in Hermitian symmetric spaces. Trans. Amer. 

Math. Soc, 359(5) :2361-2381 (electronic), 2007. 
[12] Steven L. Kleiman. The transversality of a general translate. Gompositio Math., 28:287-297, 1974. 
[13] Anthony W. Knapp. Lie groups beyond an introduction, volume 140 of Progress m Mathematics. 

Birkhauser Boston Inc., Boston, MA, second edition, 2002. 
[14] Bertram Kostant. Lie algebra cohomology and the generalized Borel- Weil theorem. Ann. of Math. (2), 

74:329-387, 1961. 
[15] Bertram Kostant. Lie algebra cohomology and generalized Schubert cells. Ann. of Math. (2), 77:72-144, 

1963. 
[16] LiE. Computer algebra package for semisimple Lie algebra computations, www-math. univ- 

poitiers . fr/~maavl/LiE/ . 
[17] C. Robles. Singular loci of cominuscule Schubert varieties. Preprint, 2012. 
[18] C. Robles and D. The. Rigid schubert varieties in compact hermitian symmetric spaces. Selecta Math- 

ematica, New Series, pages 1-61, 2012. 10.1007/s00029-011-0082-y. 
[19] Dennis The, 2011. personal communication. 
[20] Hugh Thomas and Alexander Yong. A combinatorial rule for (co)minuscule Schubert calculus. Adv. 

Math., 222(2) :596-620, 2009. 
[21] Maria Walters. Geometry and uniqueness of some extreme subvarieties m complex Grassmannians. PhD 
thesis. University of Michigan, 1997. 



44 ROBLES 



E-mail address: robles@math.tamu.edu 



Mathematics Department, Mail-stop 3368, Texas A&M University, College Station, TX 
77843-3368 



